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Abstract
In this paper we provide a full account of the Weil conjectures including Deligne’s proof
of the conjecture about the eigenvalues of the Frobenius endomorphism.
Section 1 is an introduction into the subject. Our exposition heavily relies on the Etale
Cohomology theory of Grothendieck so I included an overview in Section 2. Once one ver-
ifies (or takes for granted) the results therein, proofs of most of the Weil conjectures are
straightforward as we show in Section 3.
Sections 4-8 constitute the proof of the remaining conjecture. The exposition is mostly
similar to that of Deligne in [7] though I tried to provide more details whenever necessary.
Following Deligne, I included an overview of Lefschetz theory (that is crucial for the proof)
in Section 6.
Section 9 contains a (somewhat random and far from complete) account of the conse-
quences. Numerous references are mentioned throughout the paper as well as briefly discussed
in Subsection 1.4.
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1 Preliminaries
In this section we formulate the Weil conjectures, state a few examples and outline how the results
have evolved over the time. We finish by discussing the references.
1.1 Statement of the Weil conjectures
Let X0 be a nonsingular (= smooth) projective variety over Fq (a field with q “ pa, p-prime,
a P Zą0 elements) of dimension d. We let X be the variety obtained from X0 by extension of
scalars of Fq to F¯q and X0pFqnq be the set of points of X0 with coordinates in Fqn . For a set A
we denote by #A the number of elements in A (so #X0pFqnq is the number of points of X0 with
coordinates in Fqn).
Definition. We define the zeta function of X0 to be
ZpX0, tq “ exp
˜ÿ
ně1
#X0pFqnqt
n
n
¸
.
Thus, ZpX0, tq P Qrrtss is a formal power series with rational coefficients. Note that we have
t
d
dt
logZpX0, tq “
ÿ
ně1
#X0pFqnqtn
so t d
dt
logZpX0, tq is the generating function for the sequence t#X0pFqnquně1.
We now state the Weil conjectures (the original statements can be found in Weil’s paper [1]
published in 1949):
(I) Rationality: ZpX0, tq is a rational function of t. Moreover, we have
ZpX0, tq “ P1pX0, tqP3pX0, tq ¨ ¨ ¨P2d´1ptq
P0pX0, tqP2pX0, tq ¨ ¨ ¨P2dpX0, tq
where P0pX0, tq “ 1´ t, P2dpX0, tq “ 1´ qdt and each PipX0, tq is an integral polynomial.
2
(II) Functional equation ZpX0, tq satisfies the functional equation
ZpX0, q´dt´1q “ ˘qdχ{2tχZpX0, tq,
where χ “ řip´1qiβi for βi “ degPiptq.
(III) Betti numbers If X lifts to a variety X1 in characteristic 0, then βi are the (real) Betti
numbers of X1 considered as a variety over C.
(IV) Riemann hypothesis For 1 ď i ď 2d ´ 1, Piptq “
śβi
j“1p1 ´ αi,jtq, where αi,j are
algebraic integers of absolute value qi{2.
Although Weil does not explicitly say so, it is clear that the conjectures are partially suggested
by topological statements (in particular, (I) is suggested by the Lefschetz fixed-point formula and
(II) is suggested by Poincare duality). Note that χ in (II) is the Euler characteristic of X (which
can be defined as the self-intersection number of the diagonal with itself in X ˆ X) and (III)
suggests the existence of a cohomological theory such that βi are the Betti numbers (dimensions
of the cohomology groups) of X in that theory.
If such a theory also had an analog of the Lefschetz fixed-point formula and of Poincare duality
(together with a theorem relating the Betti numbers of X and X1), then proofs of most of the
conjectures (except for the Riemann hypothesis) would be straightforward. A search for such a
theory (a ”Weil cohomology” theory) eventually resulted in the invention of Etale Cohomology
(and l-adic cohomology) by Artin, Verdier and Grothendieck. In terms of this l-adic cohomology,
the ”moral” of (I)-(IV) is that topological properties of X0 determine the diophantine shape of its
zeta function.
1.2 A different definition of the zeta function and the Frobenius en-
domorphism
To explain the connection between (IV) above and the original Riemann hypothesis (for the Rie-
mann zeta function) we need to make an alternative definition of the zeta function (it is also the
definition used by Deligne in [7]):
Definition. Let Y be a scheme of finite type over SpecpZq, |Y | the set of closed points of Y and for
y P |Y | denote by Npyq the number of elements in the residue field kpyq of Y at y. The Hasse-Weil
zeta function of Y is
ζY psq “
ź
yP|Y |
p1´Npyq´sq´1
(this product absolutely converges for Repsq ą dim Y ).
Note that for Y “ SpecpZq, ζY psq is the Riemann zeta function (we will elaborate more on this
in the last few paragraphs of this paper).
We can regard a variety X0 as a scheme of finite type over Z via
X0 Ñ SpecpFqq ãÑ SpecpZq
(where the second map is defined by Z Ñ Z{pZ ãÑ Fq). For x P X0 let degpxq “ rkpxq : Fqs. We
have Npxq “ qdegpxq so it makes sense to introduce a new variable t “ q´sand let
ZpX0, tq “
ź
xP|X0|
p1´ tdegpxqq´1.
3
This product converges for |t| small enough and we have
ζX0psq “ ZpX0, q´sq.
Given that this definition of ZpX0, tq coincides with the one given in Subsection 1.1, the Rie-
mann hypothesis for X0 states that ζX0psq has its poles on the lines Repsq “ 0, 1, ¨ ¨ ¨ , dimX0 and
zeroes on the lines Repsq “ 1
2
, 3
2
, ¨ ¨ ¨ , dimX0´1
2
, so the analogy with the original Riemann hypothesis
becomes clear.
Let me now introduce the Frobenius endomorphism1 F (that will play a central role in our
exposition) and explore the connection between the fixed points of X under F n, n ě 1 and the
varieties X0pFqnq. Define the Frobenius endomorphism as2 F : X Ñ X, x Ñ xq. By this we
mean that on every open affine U (defined by some U0) F acts by taking the q-th power of all the
coordinates (there exists a unique such F ). We have F´1pUq “ U and degF “ qdimX . Identify
the set |X| of closed points of X with X0pF¯qq (those are the points HomFqpSpecpF¯qq, X0q of X0
with coefficients in F¯q). Let ϕ P GalpF¯q{Fqq be the substitution of Frobenius. The action of F on
|X| identifies with the action of ϕ on X0pF¯qq. Under this equivalence:
(a) The set XF of closed points of X fixed under F is identified with the set X0pFqq Ă X0pF¯qq
of points of X defined over Fq (just because for x P F¯q one has x P Fq ô xq “ x).
(b) Similarly, the set XF
n
of closed points of X fixed under the n-th iteration of F is identified
with X0pFqnq.
(c) The set |X| of closed points of X is identified with the set |X|F of the orbits of F (or ϕ)
on |X|. The degree degpxq of x P |X0| is the number of elements in the corresponding orbit.
(d) From (b) and (c) we see that
#XF
n “ #X0pFqnq “
ÿ
degpxq|n
degpxq (1)
(for x P |X0| and degpxq|n, x defines degpxq points with coordinates in Fqn all conjugate over Fq).
We will occasionally use these results.
Once we have p1q, we can write
t
d
dt
logZpX0, tq “
t d
dt
ZpX0, tq
ZpX0, tq “
ÿ
xP|X0|
´´ degpxqt
degpxq
1´ tdegpxq “
“
ÿ
xP|X0|
ÿ
ną0
degpxqtn degpxq p1q“
ÿ
n
X0pFqnqtn
so the equivalence of two definitions for the zeta function follows by taking exponents.
1.3 Examples and evolution of the results
It is easy to verify the Weil conjectures by hand for X0 “ PdFq . Indeed, since in this case we have
X0pFqnq “
řd
i“0 q
in, the zeta function is
śn
i“0p1 ´ qitq´1 (χ “ d ` 1 and the complex projective
space gives the relevant Betti numbers βi). In general, it is easy to check the Weil conjectures for
1Formally, we do not need to introduce the Frobenius endomorphism at this point and all we need here is formula
p1q.
2For clarification of the definition and proof of the basic properties of F see [2], Chapter 27.
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varieties that are disjoint unions of a finite number of affine spaces, since their zeta functions are
easy to find. These include Grassmannians and flag varieties.
Of course, curves (the original motivation of Weil) are a perfect example to illustrate the Weil
conjectures. I highly recommend the lectures3 [3] by Richard Griffon (available online) for a great
account of the matter.
Suppose, therefore, that X0 is a smooth projective curve of genus g over Fq. One can use the
Riemann-Roch theorem to show that ZpX0, tq is a rational function of t “ q´s that has the form
ZpX0, tq “ P ptqp1´ tqp1´ qtq ,
where P ptq “ś2gi“1p1´αitq is a polynomial of degree 2g with integer coefficients and its roots are
permuted by αi Ñ q{αi (this implies the functional equation by a simple calculation - see section 3
(II) for a generalization of this argument to arbitrary dimension). The original proof of the above
statements is a result due to Schmidt [4].
The Riemann Hypothesis for curves states that the zeroes of ζX0psq lie on the line Repsq “ 12 ,
or, equivalently, that |αi| “ ?q. Taking the logarithms of both sides of the equality
exp
˜ÿ
ně1
#X0pFqnqt
n
n
¸
“
ś2g
i“1p1´ αitq
p1´ tqp1´ qtq
we obtain
#X0pFqnq “ 1` qn ´
2gÿ
i“1
αni (2).
Then (as pointed by Hasse in [5]) the Riemann Hypothesis becomes equivalent to the following
diophantine statement
|#X0pFqnq ´ 1´ qn| ď 2g?qn (Hasse-Weil bound).
Hasse went on to provide two independent proofs for the case of elliptic curves pg “ 1q in 1933
and 1934 based on lifting a curve to characteristic 0 and studying the endomorphism ring of an
elliptic curve respectively.
Then Weil himself proved the general case in two different ways, one of which he then generalized
to Abelian varieties (see the extended overview of the methods of Hasse and Weil along with
references to the original papers in [6]).
It was not much before Deligne’s proof of the Riemann Hypothesis for arbitrary varieties
(1973) [7] that an elementary proof for the case of curves was found by Stepanov [8] and fur-
ther simplified by Bombieri [9]. Stepanov introduced an elementary method to upper-bound the
quantity |#X0pFqnq| (a version of the now-called polynomial method) and Bombieri applied a
Galois-theoretic trick to establish a matching lower bound, that, after using (2) and the ”tensor-
power trick” implied the Hasse-Weil Bound.
Before that came a completely unexpected (non-homological) Dwork’s p-adic proof of the ra-
tionality conjecture [10].
Though Weil himself, apparently, did not initiate the search for a ”good” cohomology theory
while stating his conjectures, that search attributed for much of the development of algebraic
3I would also like to thank Richard Griffon for inspiring my interest in the Weil Conjectures.
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geometry in the following few decades (again, see [6] for more details). The theory (or theories for
every prime l ‰ p), that was finally established by M.Artin, J.L.Verdier and A.Grothendieck in
the early 1960s (and appeared in [11] a few years later) is based on the notion of an etale covering
space (we will review it in the next section) and they went on to prove most of the conjectures (as
we shall do in Section 3).
Serre, following a suggestion of Weil, has formulated and proved the analog of the Weil con-
jectures for Kahler manifolds making essential use of the Hodge index theorem. Inspired by this
result, Grothendieck formulated a number of very strong existence and positivity conjectures about
algebraic cycles (published at [12] in 1969), which implied the Riemann hypothesis.
Despite the common belief that the proof of the Riemann Hypothesis would require some of the
standard conjectures, Deligne managed to avoid them altogether in his proof (and even managed
to deduce one of them - the Hard Lefschetz theorem that we shall state in the last section). He
later said (in the interview on the occasion of his 2013 Abel Prize) that he was just lucky to learn
the theory of automorphic forms and stumble upon the work of Rankin [13], which helped him
to deduce the Main Lemma and handle the case of hypersurfaces of odd dimension (see Section 5
and Subsection 6.3).
Deligne went on to state and prove the generalization of the Weil conjectures in [14]. Much
of the proof is the rearrangement of the first proof and the main extra ingredient is an analog of
the classical argument of Hadamard and de la Vallee-Poussin used to show that various L-series
do not have zeroes with real part equal to 1 (also see Subsection 9.2).
Laumon has found another proof using Deligne’s l-adic Fourier transform [15] in 1987 that
was later further simplified by Katz [16] in 2001 by using monodromy results in the spirit of the
first proof of Deligne. Finally, Kedlaya gave yet another proof using the Fourier transform but
replacing l-adic cohomology by rigid cohomology [17] in 2006.
I would like to finish this subsection by mentioning that there were attempts to find an ”ele-
mentary” proof of the Riemann hypothesis by directly counting the number of rational points of a
variety over finite extensions of Fq (like the Bombieri-Stepanov proof for the case of curves) but,
as pointed out by Katz [6], it might not be available since the Riemann hypothesis does not seem
to be equivalent to any diophantine statement. Indeed, from the rationality conjecture we get
|X0pFqnq| “
ÿ
0ďiď2d
p´1qi
ÿ
j
αni,j “ qnd ` 1`
ÿ
1ďiď2d´1
p´1qi
ÿ
j
αni,j
and the only obvious estimate for the error term from the Riemann hypothesis is Opqnpd´1{2qq.
The proof for the cases when the Riemann hypothesis is equivalent to a diophantine statement
(complete intersections, simply-connected surfaces, etc.) would certainly be interesting, but I am
not aware of any results of this sort.
1.4 References
Our basic references for the next sections are Deligne’s original paper [7] (or see my English
translation - [33]) and Milne’s lectures [2] (contains a detailed overview of Etale Cohomology
theory and a partially incomplete proof of the Weil Conjectures). Most of the results that we will
need were established in SGA 4, 5 and 7. See (2.14) and (5.13) in [7] for the bibliographical notes.
For a good overview of Etale cohomology consult SGA 41
2
by Deligne (sketches most of the
required proofs as well as takes great care to relate the results with their classical analogs) or [2]
together with the book [18] of Milne containing more material and explaining some of the skipped
proofs.
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Reading the overview of Katz [6] can be beneficial as an introduction, an overview of related
results and a detailed proof of the particular case of hypersurfaces of odd dimension.
Some further references will appear along the way (especially in Sections 5 and 9).
2 Overview of Etale cohomology
In the first subsection I will (very briefly) recall the basic definitions of the Etale Cohomology
theory. It is not meant and is not an introduction into the subject (one really should read SGA
41
2
or [2] for that). In particular, we will usually not give any proofs. In Subsections 2 and 3 we
discuss some of the more advanced concepts that will be crucial for the exposition.
In Subsection 4 we state a theorem that combines many of the important results in l-adic
cohomology. Once discussing these major results, we move on to give cohomological interpreta-
tion of zeta and L-functions and discuss the Poincare duality for l-adic cohomology in detail (in
Subsections 5 and 6 respectively).
One may use the results in Etale Cohomology appearing in this section (and later on) as a
”black box” and still get some benefit from the proofs of Section 3 and Sections 4-7. The intuition
to keep in mind here is that Etale cohomology with coefficients in a constant (torsion) sheaf
behaves ”like singular cohomology”4. You are free to skip 2.1-2.4 if you are already comfortable
with l-adic cohomology.
2.1 Basic definitions
I assume the knowledge of ordinary sheaf cohomology.
First, let me say a few words to justify why a complicated cohomology theory would even be
necessary. The Zariski topology is inadequate. There are two (and, in fact, many more) important
reasons for that:
(1) The cohomology groups are (usually) zero:
Theorem (Grothendieck). If X is an irreducible topological space, then HrpX,Fq “ 0 for all
constant sheaves F and all r ą 0.
Proof. Every open subset U of X is connected. Hence, if F is a constant sheaf defined by the
group Λ, then we have FpUq “ Λ for all open nonempty U . This implies that F is flabby and so
HrpX,Fq “ 0 for r ą 0.
(2) The inverse mapping theorem does not hold:
A C8 map of differentiable manifolds ϕ : Y Ñ X is said to be etale at y P Y if the map on
tangent spaces dϕ : TxY Ñ TϕpxqX is an isomorphism.
Theorem (Inverse Mapping Theorem). A C8 map of differentiable manifolds is a local iso-
morphism at every point at which it is etale.
Now, if we define a regular map of nonsingular varieties ϕ : Y Ñ X to be etale at y P Y
if the map on tangent spaces dϕ : TxY Ñ TϕpxqX is an isomorphism, it is easy to see that
A1k Ñ A1k, xÑ xn, where n does not divide the characteristic of k, is etale on the complement of
the origin but is not a local isomorphism at any point x ‰ 0 for n ą 1 (since it would imply that
the map of function fields kptq Ñ kptq, tÑ tn is an isomorphism).
4In fact, for quasi-coherent sheaves it coincides with coherent cohomology.
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Perhaps Weil himself realized that there cannot be a ”good” cohomology theory over Q because
of the existence of supersingular elliptic curves over finite fields. We sketch the argument as follows.
Let p be the characteristic of the field Fq and C be a supersingular elliptic curve over Fq. The
endomorphism ring of C is an order in a quaternion algebra over Q that should act on the first
cohomology group - a 2-dimensional vector space over Q. However, the quaternion algebra does
not have such an action. Similarly, one eliminates the possibility that the coefficient ring is R or
Qp since the quaternion algebra is still a division algebra over these fields. However, for a prime
l ‰ p the division algebra splits over Ql and becomes a 2-dimensional matrix algebra that can act
on a 2-dimensional vector space.
With these considerations in mind, we introduce the Etale Cohomology theory as follows (see
[2] for all the details):
First, we say that a morphism ϕ : Y Ñ X of schemes is etale if it is flat and unramified
(in particular, of finite type). For an explanation and the proof that for the case of nonsingular
varieties the two definitions coincide (together with a separate definition for arbitrary varieties
using the notion fo tangent cones) consult [2], Chapter 2.
One does not need to have a topological space to build up a sheaf theory (and a cohomology
theory for sheaves). Indeed, let C be a category with, for each object U of C a distinguished set
of families of maps tUi Ñ UuiPI , called the coverings of U , that satisfy:
(a) For a covering tUi Ñ UuiPI of U and any morphism V Ñ U in C, the fiber products UiˆU V
exist and tUi ˆU V Ñ V uiPI is a covering of V .
(b) If tUi Ñ UuiPI is a covering of U and for each i P I tVij Ñ UiujPJi is a covering of Ui, then
tVij Ñ Uui,j is a covering of U .
(c) For all U in C the family tU idÑ Uu consisting of a single map is a covering of U .
Such a system of coverings is called a Grothendieck topology on C and C together with this
topology is called a site.
We define the etale site of X (denotedXet) as a category Et{X with objects the etale morphisms
U Ñ X and arrows the X-morphisms (the obvious commutative diagrams) ϕ : U Ñ V . The
coverings are surjective families of etale morphisms tUi Ñ UuiPI in Et{X . An etale neighborhood
of x P X is an etale map U Ñ X together with a point u P U mapping to x P X . These give us
the notion of etale topology on X .
A presheaf for the etale topology on X is a contravariant functor F : Et{X Ñ Ab. It is a sheaf
if the sequence
FpUq Ñ
ź
iPI
FpUiq Ñ
ź
pi,jqPIˆI
FpUi ˆU Ujq
is exact for all etale coverings tUi Ñ UuiPI .
One shows that the category of sheaves of abelian groups ShpXetq is an abelian category with
enough injectives ([2], Chapter 8). The functor
ShpXetq Ñ Ab, F Ñ ΓpX,Fq
is left exact and we can define HrpXet,´q as its r-th right derived functor. One then has the usual
properties (that follow from the theory of derived functors):
(a) For any sheaf F , H0pXet,Fq “ ΓpX,Fq.
(b) HrpXet, Iq “ 0 for r ą 0 if I is injective.
(c) One can functorially associate to a short exact sequence of sheaves
0Ñ F 1 Ñ F Ñ F2 Ñ 0
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a long exact sequence in cohomology
0Ñ H0pXet,F 1q Ñ H0pXet,Fq Ñ H0pXet,F2q Ñ H1pXet,F 1q Ñ ¨ ¨ ¨ .
Note that these properties characterize the functors HrpXet,´q uniquely (up to a unique iso-
morphism). One may go on to prove the analogs of the classical axioms of cohomology (dimension,
exactness, excision, homotopy - see [2], Chapter 9).
As in the classical case, calculations are usually performed using the Cech cohomology groups
(see [2], Chapter 10). They coincide with the Etale cohomology groups for all X such that X
is quasi-compact and every finite subset of X is contained in an open affine (all quasi-projective
varieties, per se).
2.2 Cohomology groups with compact support and l-adic cohomology
For a morphism pi : Y Ñ X of schemes one can define the functor pi˚ : ShpYetq Ñ ShpXetq by
setting
pi˚FpUq “ FpU ˆX Y q
for every sheaf F on Yet (it makes sense since U ˆX Y Ñ Y is also etale). This functor is called the
direct image functor and it admits a left adjoint pi˚ (the inverse image functor) defined as follows.
For a sheaf F on Xet we let pi
˚F “ apF 1q where for V Ñ Y etale we have F 1pV q “ limÝÑFpUq where
the direct limit is taken over the commutative diagrams
V U
Y X
a
b c
d
with U Ñ X etale and apF 1q denotes the (unique) sheaffication of F 1. See [2], Chapter 8 for the
properties of these functors (we will need some of them later).
We will have to use cohomology groups with compact support. The definition for a torsion sheaf
on a variety is as follows:
Definition. Let F be a torsion sheaf on a variety U . The cohomology groups with compact support
are
Hrc pU,Fq “ HrpX, j!Fq,
where X is any complete variety containing U as a dense open subvariety and j is the inclusion
map (we denote by j! the extension by 0 of the direct image functor j˚- see [2], Chapter 8).
Cohomology groups with compact support coincide with ordinary cohomology groups for com-
plete varieties.
To check that cohomology groups with compact support are well-defined one needs to show
that:
(a) Every variety admits a completion.
(b) Cohomology groups with compact support are independent of the completion.
See [2], Chapter 18 for the topological motivation of the above definition and proofs of both
statements (the second proof requires the proper base-change theorem of Chapter 17).
We now aim to define l-adic cohomology and start by defining cohomology with coefficients in
Zl (l ‰ p - a prime number). The problem here is that etale cohomology groups with coefficients
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in non-torsion sheaves are anomalous. For example, using the ordinary definition we would always
get H1pXet,Zlq “ 0 for any normal X .
The way out is to define
HrpXet,Zlq “ limÐÝH
rpXet,Z{lnZq.
Setting
HrpXet,Qlq “ HrpXet,Zlq bZl Ql
gives us the notion of l-adic cohomology groups (the trick here is that cohomology does not commute
with inverse limits of sheaves). The definition for cohomology groups with compact support is
similar.
Later on (starting with Subsection 2.5) we are going to use ”constructible Ql sheaves” and
”locally-constant constructible Ql sheaves” as well as cohomology with coefficients in these sheaves.
The definitions are as follows (compare to the properties stated in [7], 1.9):
Definition. A sheaf F on Xet is constructible if:
(i) For every closed immersion i : Z ãÑ X with Z irreducible there exists a nonempty open
subset U Ă Z such that pi˚Fq|U is locally constant.
(ii) F has finite stalks (defined as in the classical case).
Remark 1. One can show that every torsion sheaf is the union of its constructible subsheaves.
The following definition is motivated by analogy with the definition of a finitely generated
Zl-module:
Definition. A sheaf ofM of Zl-modules on X (or a constructible Zl-sheaf) is a family tMn, fn`1 :
Mn`1 ÑMnu such that
(i) Each Mn is a constructible sheaf of Z{lnZ modules.
(ii) The maps fn`1 induce isomorphisms Mn`1{lnMn`1 „ÑMn.
Then we define the cohomology groups as
HrpXet,Mq “ limÐÝH
rpXet,Mnq.
A sheaf of Ql-spaces is then just a Zl-sheaf except for the fact that we let
HrpXet,Mq “ limÐÝH
rpXet,Mnq bZl Ql.
Again, the definitions of the corresponding cohomology groups with compact support are similar.
We will say that a sheaf M “ tMnu is locally constant if all the sheaves Mn are locally
constant5. We will sometimes (mostly to justify that a certain locally constant Ql-sheaf is constant,
but it is also important to keep in mind for other situations) refer to the following proposition.
Proposition 1. Assume that X is connected and let x¯ be a geometric point of X. For F a
locally constant Ql-sheaf on X, pi1pX, x¯q acts6 on the stalks Fx¯ and the map F Ñ Fx¯ defines an
equivalence of categories:
(locally constant Ql-sheaves on X) Ñ (continuous actions of pi1pX, x¯q on Ql-vector spaces of
finite dimension).
From now on we will deal with constructible Ql-sheaves only and call them just Ql-sheaves.
See [2], Chapter 19 for more details on Zl and Ql-sheaves.
5This is an abuse of terminology. A locally constant sheaf (french. constant-tordu) on X need not become trivial
on any etale covering of X .
6The etale fundamental group- see [2], Chapter 3.
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2.3 Higher direct images of sheaves, the Leray spectral sequence
We will have to consider higher direct images of sheaves in our analysis. Let pi : Y Ñ X be a
morphism of schemes. The direct image functor pi˚ is left exact (since it has a left adjoint pi
˚) and
we can consider its right derived functors Ripi˚. Then for a sheaf F we call the sheaves R
ipi˚F the
higher direct images of F . For the properties of these sheaves we direct the reader to [2], Chapter
12. We will need a way to compute the stalks of Ripi˚F (the proof is elementary).
Proposition 2. The stalk of Rrpi˚F at a geometric point x¯Ñ X is limÐÝHrpU ˆX Y,Fq where the
limit is over all the etale neighborhoods pU, uq of x¯.
In the next few paragraphs we outline the role of spectral sequences in Etale Cohomology. See
[19] for a great introduction to (abstract) spectral sequences.
The following general result is a powerful source for spectral sequences, including those ap-
pearing in Etale Cohomology theory (for example, we have a spectral sequence, relating the Etale
Cohomology groups with their Cech analog).
Theorem (Grothendieck existence theorem). Let A, B and C be abelian categories such that
A and B have enough injectives. Let F : AÑ B and G : BÑ C be left exact functors such that
pRiGqpFIq “ 0 for i ą 0 if I is injective (for example, it is true if F preserves injectives). Then
there exists a spectral sequence
E
pq
2 “ pRpGqpRqF qpAq ñ Rp`qpFGqpAq.
We will need the following consequence called the Leray spectral sequence.
Theorem (Leray spectral sequence). Let pi : Y Ñ X be a morphism of schemes. Then for
any sheaf F on Yet there is a spectral sequence
E
pq
2 “ HppXet, Rqpi˚Fq ñ Hp`qpYet,Fq.
Proof. The Leray spectral sequence follows as a special case of Grothendieck existence theorem
since the functors pi˚ and ΓpX,´q are left exact, their composition is ΓpY,´q and pi˚ preserves
injectives.
Note that the sequence above is exactly the same as the classical Leray spectral sequence in
topology. The point (in both cases) is that there is a way to reconstruct the cohomology groups
of Y from the map pi and X .
We will apply the results of this subsection to the constant sheaf Ql in the later stages of the
proof of the Riemann hypothesis.
2.4 Major results in Etale cohomology
Now that we have defined l-adic cohomology, we can try to prove that it has the properties (similar
to the topological statements) of a ”good” cohomology theory. We state the results below (mostly)
for l-adic cohomology groups for simplicity, though many are true for arbitrary (or constructible)
sheaves. Usually, such results are first proved for torsion sheafs and then extended to the sheaf
Ql (and Ql-sheaves) by passing to formal limits. We also formulate all of the statements for a
projective nonsingular variety X but I will mention some of the possible generalizations.
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Theorem (Properties of l-adic cohomology). The l-adic cohomology groups H ipX,Qlq of a
projective nonsingular variety X purely of dimension d (meaning that all the irreducible components
of X have dimension d) over an algebraically closed field k of characteristic p (possibly p “ 0)
satisfy the following properties (for each prime l ‰ p):
(a) Finiteness For all i ě 0 H ipX,Qlq “ 0 is a finite-dimensional Ql vector space (the same
is true for Ql-sheaves).
(b) Cohomological dimension H ipX,Qlq “ 0 for i ą 2d and H ipX,Qlq “ 0 for i ą d if X
is affine (the same is true for Ql-sheaves).
(c) Kunneth isomorphism theorem For all i ě 0 we have a canonical isomorphism
H ipX ˆ Y,Qlq »
à
k`l“i
HkpX,Qlq bQl H lpY,Qlq
induced by the cup-product.
(d) Poincare duality There is an isomorphism H2dpX,Qlq » Ql and for each i ď d a perfect
pairing
H ipX,Qlq bH2d´ipX,Qlq Ñ H2dpX,Qlq » Ql
of finite-dimensional vector spaces induced by the cup-product.
(e) Lefshetz trace formula Let ϕ : X Ñ X be a regular map. Then
pΓϕ ¨∆q “
ÿ
i
p´1qiTrpϕ˚, H ipX,Qlqq,
where ϕ˚ is the induced map in cohomology, Γϕ is the graph of ϕ, ∆ is the diagonal of X ˆX and
pΓϕ ¨∆q is the intersection product (the number of fixed points counted with multiplicities).
(f) Comparison theorem If X is a nonsingular variety over C, then
H ipX,Qlq bQl C » H ipXC,Cq
where the cohomology group on the right hand side is the ordinary cohomology group of XC.
(g) Lifting to characteristic 0 Assume that p ‰ 0 and X can be lifted to a variety X1 over
a field K of characteristic 0. Let Kal be the algebraic closure of K and X1,Kal the corresponding
variety over Kal. Then
HrpX,Qlq » HrpX1,Kal,Qlq.
In particular, the Betti numbers of X equal those of X1.
Similar statements are true for the cohomology with compact support.
The cup-product appearing in (c) and (d) can be (most easily) defined by using Cech cohomol-
ogy as in the classical case.
Proving any of these results requires quite serious work. I will briefly mention the corresponding
references and what one can expect to see there. I will also state an important consequence of (b)
that we shall need to prove the Riemann hypothesis.
(a) This is a consequence of the more general proper base-change theorem [2], Chapter 17
(which states roughly that: if the morphism of varieties pi : X Ñ S is proper and F is a con-
structible sheaf on X , then higher direct images Ripi˚F are constructible and we can compute the
stalks of Ripi˚F). The statement holds for all complete varieties (see [2], 19.1).
(b)This is proved by first establishing a similar result for torsion sheaves. The proof of the
first part is a straightforward induction (one needs to apply a spectral sequence along the way).
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See [2], Chapter 15. The proof of the second part is more complicated and requires a sophisticated
induction from the case d “ 1 (proved separately) together with a limiting argument and the
proper base-change theorem.
We have the following consequence7 of the second statement in (b) (under the same assump-
tions):
Theorem (Weak Lefschetz). For all i ě 2 there are maps
H i´2pY,Qlq Ñ H ipX,Qlq
(cup-products with the cohomology class of a hyperplane) such that:
(i) For i “ d` 1, Hd´1pY,Qlqp´1q Ñ Hd`1pX,Qlq is surjective.
(ii) For i ą d` 1, H i´2pY,Qlqp´1q Ñ H ipX,Qlq is an isomorphism.
For a thorough review of a generalization of this result to singular varieties see [26], Chapter
2. We have used the notion of the twisting sheaf that we are not going to discuss until Subsection
2.6. One can ignore this result until we refer to it in the proofs.
(c) This can be generalized in several ways. Firstly, the statement holds for all complete
varieties. Secondly, exchanging Ql by Zl we find an analog of the topological Kunneth theorem
for PIDs. Finally, the theorem can even be stated for arbitrary finite rings instead of the p-adics.
The proof is most natural in the language of derived categories. See [2], Chapter 22 for details.
(d) This theorem is included here for completeness in a somewhat imprecise form (the isomor-
phism there is not canonical). We will discuss it in detail in Subsection 2.6. The theorem holds for
any complete nonsingular variety X . We will also state a generalization to noncomplete varieties
and locally constant Ql-sheaves. See Subsection 2.6 of the paper and 2.3 in [7] for a discussion and
SGA 4, XVIII for complete proof.
(e) This theorem holds for any complete nonsingular variety X (or for any incomplete variety
such that ϕ extends uniquely to the map on the completion of the variety and has only simple
fixed points on the complement of the variety - see [2], Chapter 29). The proof mimics the proof
of the topological statement (see [2], Chapter 25) but one needs to be familiar with the properties
of the cycle map. The theorem can also be generalized to Ql-sheaves as we shall see in the next
section (the proof for that case is based on the notion of non-commutative traces - see [2], Chapter
29).
(f) The theorem holds for any nonsingular variety over C and cohomology groups with coef-
ficients in a finite group. The proof is rather abstract but quite straightforward (see [2], Chapter
21). Using the notion of analytic varieties one can also generalize the theorem to singular varieties
(and the proof is similar but longer - see SGA 4, XVI 4).
(g) This holds for any variety X . We shall need this theorem to verify the ”Betti numbers
part” of the Weil conjectures. It is a consequence of the smooth base-change theorem (see [2],
Chapter 20).
I have to emphasize that neither the above results, though they are truly beautiful and allow one
to prove the Weil conjectures, nor the mentioned generalizations constitute a full list of important
results in l-adic (and etale) cohomology.
The material covered in the next two subsections also appears in paragraphs 1 and 2 of [7]
respectively.
7Surjectivity (and that is all we will need) follows by considering the Gysin cohomology sequence of X and
Z “ Y XX (see [2], 28.3 for the proof and [2], Chapter 16 for the derivation of the Gysin sequence).
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2.5 Cohomological interpretation of zeta and L-functions
In this subsection we will provide a cohomological interpretation of zeta functions (which proves
most of the rationality conjecture) and move on to generalize this description to various L-functions.
Let X0 be a nonsingular projective (or complete) variety over Fq and letX be the corresponding
variety over F¯q. The Frobenius endomorphism introduced in Subsection 1.2 induces the map of
cohomology spaces:
F ˚ : H ipX,Qlq Ñ H ipX,Qlq.
Grothendieck proved the following result:
Lemma 1. Under the assumptions of the above we have
#XF “
ÿ
i
p´1qiTrpF ˚, H ipX,Qlqq
(the right side, that is a priori an l-adic integer is an integer equal to the left side).
Proof. For this to make sense we need to show that the fixed points of XF “ X0pFqq all have
multiplicity 1 in pΓϕ ¨∆q - that is pΓϕ ¨∆qP “ 1 for any fixed point P of F . Then the statement
follows by applying the Lefschetz trace formula.
To show that pΓϕ ¨ ∆qP “ 1 we calculate pdF qP . Replacing X0 with an affine neighborhood
U0 “ SpecA0, A0 “ Fqrx1, ¨ ¨ ¨ , xds, for every i we have xi ˝ F “ xqi and so
pdxiqP ˝ pdF qP “ pdxqi qP “ qxq´1i pdxiqP “ 0.
Therefore, pdF qP “ 0 and the next lemma implies that pΓϕ ¨∆qP “ 1.
Lemma 2. Let ϕ : X Ñ X be a regular map and let P P X be a fixed point of ϕ. Then pΓϕ¨∆qP “ 1
if 1 is not an eigenvalue of pdϕqP .
Proof. The proof is elementary and follows from the general criterion for pY ¨ZqP “ 1 (where Y, Z
are closed subvarieties of X). See [2], 25.6 for details.
Observing that F n is the Frobenius endomorphism relative to X0pFqnq gives the following
formula:
#XF
n “ #X0pFqnq “
ÿ
i
p´1qiTrpF ˚n, H ipX,Qlqq (3).
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We need an elementary lemma:
Lemma 3. If F : V Ñ V is an endomorphism of a vector space over k, we have a formal power
series identity:
logpdetp1´ Ft, V q´1q “
ÿ
ną0
TrpF n, V qt
n
n
(4).
Proof. Factor Sptq “ detp1 ´ Ft, V q as Sptq “ śp1 ´ citq. Then (after possibly extending k) we
may assume that there exists a basis such that the matrix of ϕ is upper-triangular with ci-s on
the diagonal. Then the matrix of ϕn is also upper-triangular with cni -s on the diagonal and so we
have Trpϕn, V q “ ř cni . Then the statement follows by summing both sides of
logpp1´ citq´1q “
ÿ
ną0
cni
tn
n
over i.
Theorem (Cohomological interpretation of the zeta function). For any projective (or
complete nonsingular) variety X0 of dimension d over Fq we have
ZpX0, tq “ P1pX0, tqP3pX0, tq ¨ ¨ ¨P2d´1ptq
P0pX0, tqP2pX0, tq ¨ ¨ ¨P2dpX0, tq (5),
where
PipX0, tq “ detp1´ F ˚t, H ipX,Qlqq.
Proof. This results from the following computation:
ZpX0, tq “ exp
˜ÿ
ně1
#X0pFqnqt
n
n
¸
p3q“ exp
˜ÿ
ně1
˜ÿ
i
p´1qiTrpF ˚n, H ipX,Qlqq
¸
tn
n
¸
“
“
ź
i
˜
expp
ÿ
ně1
TrpF ˚n, H ipX,Qlqqt
n
n
q
¸p´1qi
p4q“
ź
i
PipX0, tqp´1qi`1 ,
where the third equality is obtained by moving the inner sum outside.
Remark 2. The right side of (5) is in Qlptq and the theorem implies that its Taylor expansion at
t “ 0, a priori a formal series in Qlrrtss with constant coefficient one, is in Zrrtss and is equal to
the left side, also considered as a formal series in t. In particular, we have ZpX0, tq P ZrrtssXQlptq.
Since F ˚ acts as 1 on H0pX,Qlq and as qd on H2dpX,Qlq, we have
P0pX0, tq “ 1´ t, P2dpX0, tq “ 1´ qdt.
Remark 3. This theorem is straightforwardly (one needs to replace cohomology groups by cohomol-
ogy groups with compact support) generalized to an arbitrary variety8 X0 over Fq (possibly singular
or noncomplete) and then one can similarly show that ZpX0, tq P Qptq. However, it is not known
in general whether PipX0, tq are independent of l nor even that they have coefficients in Q. See [7]
and [18], 289-298 for details.
8The study of Shimura varieties suggests that our definition of the zeta function is not in fact the correct one
for noncomplete varieties X0.
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Let me now consider locally constant Ql-sheaves and generalize this result to L-functions. We
will follow the same path (but let X0 be arbitrary for a change) though the first few steps are more
subtle.
Let X0 be an algebraic variety over Fq, F0 a locally constant Ql-sheaf on X0, X the correspond-
ing variety over F¯q and F the inverse image of F0 on X . We first need to define an endomorphism
of H icpX,Fq. A similar map above (for the ordinary cohomology) was simply induced by F and
for F “ Ql we can do the same here (since F is finite, thus proper). However, if we try to do the
same for an arbitrary F , we will get a map
ϕ : H icpX,Fq Ñ H icpX,F ˚Fq.
Luckily, there exists a canonical isomorphism F ˚ : F ˚F
„Ñ F (that is also a finite map) and we
can define the required endomorphism as the composition9
F ˚ : H icpX,Fq Ñ H icpX,F ˚Fq Ñ H icpX,Fq (6).
The isomorphism is constructed as follows (those unfamiliar with algebraic spaces may skip
this argument). First let F be the sheaf of sets (for the etale topology). Then we identify F0 with
its etale space f0 : rF0s Ñ X010 and let f : rF s Ñ X be a similar etale space for F obtained by
extension of scalars of rF0s. Then we have a commutative diagram
rF s rF s
X X
F
f f
F
and a morphism rF s Ñ X ˆpF,X,fq rF s “ rF ˚F s, that is an isomorphism because f is etale. The
inverse of this isomorphism defines the isomorphism F ˚F
„Ñ F that we seek. This construction is
then generalized to Ql-sheaves.
For x P |X| 11, (6) defines a morphism that is an endomorphism of Fx for x P XF .
The following formula is another result of Grothendieck (see [2], Chapter 29 for the proof in
the case of curves): ÿ
xPXF
TrpF ˚x ,Fxq “
ÿ
i
p´1qiTrpF ˚, H icpX,Fqq.
Since the n-th iteration of F ˚ defines morphisms F ˚nx : FFnpxq Ñ Fx (that are endomorphisms
for x fixed under F n) we have a similar formula for the iterations of F ˚ÿ
xPXFn
TrpF ˚nx ,Fxq “
ÿ
i
p´1qiTrpF ˚n, H icpX,Fqq (7).
Remark 4. Let x0 P |X|, Z the orbit corresponding to F in |X| and x P Z. Then Z has degpx0q
elements. Denote by F ˚x0 the endomorphism F
degpx0q
x of Fx. F
˚ is a local isomorphism so it induces
an isomorphism of stalks and we may drop x in the notation. Let
detp1´ F ˚x0t,F0q “ detp1´ F ˚x0t,Fxq.
We will use a similar notation for other functions of pFx, F ˚x0q.
9Sorry for the abuse of notation, I was just following the master.
10If F is a sheaf on X , then there always exists an algebraic space rFs equipped with an etale morphism f :
rFs Ñ X such that F is the sheaf of local sections of rFs.
11The set of closed points of X .
16
We define the L-functions (or zeta functions of locally constant Ql-sheaves) as follows.
Definition. Let X0 be a variety over Fq and F0 be a locally constant Ql-sheaf. Then we define
ZpX0,F0, tq by
logZpX0,F0, tq “
ÿ
n
ÿ
xPXFn“X0pFqn q
TrpF ˚nx ,F0q
tn
n
.
For the constant sheaf Ql we recover ZpX0, tq. One verifies as in the classical case that
ZpX0,F0, tq “
ź
xP|X0|
detp1´ F ˚x tdegpxq,F0q´1
and obtains (using (7) instead of (3) in the calculation) the cohomological interpretation of L-
functions.
Theorem (Cohomological interpretation of the L-functions). For any variety X0 of di-
mension d over Fq and any locally-constant Ql-sheaf F0 on X0 we have a formal series identity
ZpX0,F0, tq “ P1pX0, tqP3pX0, tq ¨ ¨ ¨P2d´1ptq
P0pX0, tqP2pX0, tq ¨ ¨ ¨P2dpX0, tq
where
PipX0, tq “ detp1´ F ˚t, H icpX,Fqq.
Remark 5. Up to this moment we have always used a geometric description for the action of
Frobenius. However, sometimes it is useful to refer to the Galois side of the matter. One can
verify that GalpF¯q{Fqq acts on H˚c pX,Fq and that F ˚ “ ϕ´1 in EndpH˚c pX,Fqq. Then we define
the geometric Frobenius F P GalpF¯q{Fqq as F “ ϕ´1 and obtain F ˚ “ F . We will sometimes use
the latter notation.
2.6 Poincare duality
This subsection serves three goals. First, we state the precise form of the Poincare duality theorem
(and its generalization). Then, we define the Gysin map that we will encounter a few times. Finally,
we find some cohomology groups of a connected smooth curve and state yet another version of
Poincare duality for the case of curves (these results will be used to complete the proof of the
Riemann hypothesis).
Let X be an algebraic variety purely of dimension n over an algebraically closed field k. We
will now define the orientation sheaf Qlpnq of X (and the twisting sheaves Qlpiq, i P Zzt0u).
By analogy with the classical case of complex varieties (see [7], 2.1) we can say that ”choosing
an orientation” of a variety X over an algebraically closed field k is the same as choosing an
isomorphism of Q{Z with the group of the roots of unity of k (in the complex case this amounts
to the choice of one of the two isomorphisms xÑ expp˘2piixq from Q{Z to the group of the roots
of unity of C). If we are interested in l-adic cohomology (l ‰ chark) of X then we only need to
consider the roots of order a power of l. Denote by Z{lnp1q the group of the roots of unity of k of
order dividing ln. Then the groups Z{lnp1q form a projective system with transition maps
σm,n : Z{lmp1q Ñ Z{lnp1q : xÑ xlm´n
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and we define Zlp1q “ limÐÝZ{lnp1q, Qlp1q “ Zlp1q bZl Ql, Qlpiq “
ibQlp1q for i ą 0 and Qlpiq “
Qlp´iqq (the dual sheaf ) for i ă 0.
Note that Qlp1q is isomorphic to Ql but the isomorphism is not canonical. The group of
automorphisms of k acts trivially on Ql but not on Qlp1q. In particular, for k “ F¯q, the substitution
of Frobenius ϕ : xÑ xq acts by multiplication by q on Qlp1q.
We can now state the Poincare duality theorem:
Theorem (Poincare duality, first form). For X nonsingular and complete (for example, pro-
jective), purely of dimension n, the bilinear form
TrpxY yq : H ipX,Qlq bH2n´ipX,Qlq Ñ Qlp´nq
is a perfect paring (it identifies H ipX,Qlq with the dual of H2n´ipX,Qlpnqq).
One can generalize this theorem as follows (the case of curves will formally be enough for our
purposes but it is still good to keep the higher-dimensional picture in mind). If F is a Ql-sheaf
on an algebraic variety X over an algebraically closed k, denote by Fprq the sheaf F bQlprq (this
sheaf is non-canonically isomorphic to F).
Theorem (Poincare duality, second form). Let X be a nonsingular variety purely of dimension
n and F be a locally constant sheaf. We denote by qF the dual of F . The bilinear form
TrpxY yq : H ipX,Fq bH2n´ic pX, qFpnqq Ñ H2nc pX,F b qFpnqq Ñ H2nc pX,Qlpnqq Ñ Ql
is a perfect pairing.
We will now define the Gysin map. Let pi : Y Ñ X be a proper map of nonsingular separated
varieties over an algebraically closed field k. Let m “ dimX , n “ dimY and e “ n ´m. Then
there is a restriction map
pi˚ : H2n´ic pX,Qlpnqq Ñ H2n´ic pY,Qlpnqq
and by duality we also get a map
pi˚ : H
ipY,Qlpeqq Ñ H i´2epX,Qlq.
The latter is called the Gysin map. Note that if pi is an endomorphism of X (we shall use this for
the Frobenius endomorphism F ), then we get a map pi˚ : H
ipX,Qlq Ñ H ipX,Qlq. The Gysin map
satisfies a bunch of good properties summarized in [2], Chapter 24. We are going to use the fact
that if pi above is a finite map of degree δ then pi˚ ˝ pi˚ “ δ.
The second form of Poincare duality allows us to prove:
Proposition 3. Let X be a connected smooth curve over an algebraically closed field k, x a closed
point of X and F a locally constant Ql-sheaf. Then we have:
(i)H0c pX,Fq “ 0 if X is affine.
(ii)H2c pX,Fq “ pFxqpi1pX,xqp´1q.
Proof. (i) simply states that F does not have sections with finite support.
For the proof of (ii) we invoke the equivalence of Proposition 1 between the category of locally
constant Ql sheaves and that of (continious) l-adic representations of pi1pX, xq. Via this equivalence
H0pX,Fq is identified with the invariants of pi1pX, xq acting on Fx:
H0pX,Fq „Ñ Fpi1pX,xqx .
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According to the second form of Poincare duality, for X nonsingular and connected of dimension
n we have
H2nc pX,Fq “ H0pX, qFpnqqq “ pp qFxpnqqpi1pX,xqqq.
The duality exchanges invariants (the largest invariant subspaces) to coinvariants (the largest
invariant quotients). So we have
H2nc pX,Fq “ pFxqpi1pX,xqp´nq.
and (ii) is the case n “ 1.
Let X be a connected smooth projective curve over an algebraically closed field k, U an open
in X , j the inclusion U ãÝÑ X , F a locally constant Ql-sheaf on U and j˚F the direct image of F
(it is a constructible Ql-sheaf
12). We conclude this section with the following result.
Theorem (Poincare duality, third form). The bilinear form
TrpxY yq : H ipX, j˚Fq bH2´ipX, j˚ qFp1qq Ñ H2pX, j˚F b j˚ qFp1qq Ñ
Ñ H2pX, j˚pF b qFqp1qq Ñ H2c pX,Qlp1qq Ñ Ql
is a perfect pairing.
3 Proof of the Weil conjectures except for the Riemann
hypothesis
We will now prove all the conjectures (as stated in Subsection 1.1) except for the Riemann hy-
pothesis (IV) and restate (IV). We will assume the Riemann hypothesis to show that PipX0, tq are
integral.
(I) Rationality From Remark 2 (Subsection 2.5) we see that it suffices to prove that:
(a) Zrrtss XQlptq Ă Qptq
(b) PipX0, tq are integral polynomials.
The proof of (a) is a good exercise on Hankel determinants (see a more general statement in
Bourbaki, Algebra, IV.5, Exercise 3). We sketch the argument here. Let fptq P Zrrtss X Qlptq.
Since fptq “ řn antn P Zrrtss lies in Qlptq, we see that its image in Qlrrtss is a Taylor expansion of
a rational function. This implies that for all M and N large enough the Hankel determinants
Hk “ detppai`j`kq0ďi,jďMq pk ą Nq
turn to zero. They turn to zero in Ql if and only if they turn to zero in Q but this implies
fptq P Qptq.
We will now show (b) modulo the Riemann hypothesis.
Lemma 4. Let l be a prime number and fptq “ gptq
hptq
where fptq P 1 ` t ¨ Zlrrtss and gptq, hptq P
1` t ¨Qlrrtss are relatively prime. Then gptq, hptq have coefficients in Zl.
12This holds in general - the image of a constructible Ql-sheaf is always a constructible Ql-sheaf.
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Proof. It is enough to show that the coefficients of gptq and hptq have l-adic absolute values ď 1.
After taking a finite extension of Ql we may assume that hptq splits. Let hptq “
śp1´ citq and
choose an arbitrary i. We need to show that |ci|l ď 1. Indeed, suppose that |ci|l ą 1 . Then we
have |c´1i |l ă 1 and the power series fpc´1i q converges. But then
fptqhptq “ gptq ñ fpc´1i qhpc´1i q “ gpc´1i q.
This is a contradiction since hpc´1i q “ 0 ‰ gpc´1i q. So we have |ci|l ď 1 for all i and hptq P Zlrts.
To show that gptq P Zlrts we apply the same argument to fptq´1 P 1` t ¨ Zlrrtss.
Lemma 5. Let ZpX0, tq “ P ptqQptq , with P ptq, Qptq P Qrts relatively prime (they exist by (a)). If they
are chosen to have constant term 1 then they have coefficients in Z.
Proof. According to the previous lemma the coefficients of P ptq and Qptq will be l-adic integers
for all prime l (including l “ p). This means that they are integers.
Let PipX0, tq “ detp1 ´ F ˚t, H ipX,Qlqq. Then the Riemann hypothesis implies that all the
PipX0, tq are relatively prime. Hence the fraction in Lemma 4 is irreducible and we have
P ptq “
ź
i odd
PipX0, tq, Qptq “
ź
i even
PipX0, tq.
Therefore, inverse roots of PipX0, tq are algebraic integers which implies that PipX0, tq has integer
coefficients.
Remark 6. Let K be the subfield of the algebraic closure Q¯l of Ql generated over Q by the roots
of Rptq “ P ptqQptq. By the Riemann hypothesis, the roots of Piptq are the roots of Rptq such that
all their complex conjugates have absolute value q´
i
2 . This description of the roots of PipX0, tq is
independent of l, so PipX0, tq are also independent of l.
(II) Functional equation Recall that d is the dimension of X and consider the duality pairing
H2d´ipX,Qlq bH ipX,Qlpdqq Ñ H2dpX,Qlq ηXÑ Ql.
The Frobenius endomorphism F : X Ñ X induces the maps F ˚ and the Gysin maps F˚ (see
Subsection 2.6), all of which are endomorphisms. Then the following holds by the definition of F˚
(and is equivalent to it):
ηXpF˚pxq Y x1q “ ηXpxY F ˚px1qq, x P H2d´ipX,Qlq, x1 P H ipX,Qlpdqq.
Therefore, we see that the eigenvalues of F ˚ acting on H ipX,Qlpdqq are the same as the eigenvalues
of F˚ acting on H
2d´ipX,Qlq. But F is finite of deqree qd so we have F ˚ “ qd{F˚. This implies
that if α1, ¨ ¨ ¨ , αs are the eigenvalues of F ˚ acting on H ipX,Qlq then qd{α1, ¨ ¨ ¨ , qd{αs are the
eigenvalues of F ˚ acting on H2d´ipX,Qlq.
The rest of the proof is a direct calculation. We have (in the Galois language):
detp1´ Fq´dt´1, H ipX,Qlqq “ pqdtq´βi detpF,H ipX,Qlqq ¨ p´1qβi detp1´ Ft,H2d´ipX,Qlqq.
(where βi is the dimension of the i-th cohomology group).
Suppose that i ‰ d. Then
detpF,H ipX,Qlqq ¨ detpF,H2d´ipX,Qlqq “ qβid.
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Consider the case i “ d and let N` (resp. N´) be the number of the eigenvalues of F acting on
HdpX,Qlq equal to q d2 (resp. ´q d2 ). The remaining eigenvalues form pairs α ‰ qd{α so βd´N`´N´
is even. Then we have
detpF,HdpX,Qlqq “ qdpβq´N`´N´q{2qdpN``N´q{2p´1qN´ “ qdβd{2p´1qN´ ,
where dβd is always even since the Poincare duality pairing is skew-symmetric on H
dpX,Qlq for
odd d.
We use the cohomological interpretation of the zeta function to obtain the functional equation:
ZpX0, q´dt´1q “
2dź
i“0
detp1´ Fq´dt´1, H ipX,Qlqqp´1qi`1 “
“ pqdtqχq´dχ2 p´1qN`
2dź
i“0
detp1´ Ft,H2d´ipX,Qlqqp´1qi`1 “ p´1qN`q
dχ
2 tχZpX0, tq,
where χ “ řip´1qiβi.
(III) Betti numbers
This immediately follows from the Lefschetz trace formula (e) (for ϕ “ Id) and the Lifting to
characteristic 0 (g) properties of l-adic cohomology (see Subsection 2.4).
(IV) Riemann hypothesis
In view of the cohomological interpretation for the zeta function we can reformulate the Rie-
mann hypothesis. Sections 4-8 are devoted to the proof of the following theorem (and are similar
to parapraphs 3-7 of [7]).
Deligne’s Theorem (DT). Let X0 be a nonsingular projective variety over the finite field Fq of
characteristic p. For each i and each l ‰ p the eigenvalues of F ˚ acting on H ipX,Qlq are algebraic
numbers of absolute value |α| “ q i2 .
I am going to use the shorthands DT for the whole Deligne’s theorem, DT piq for its restriction
to the eigenvalues of F ˚ acting on a single cohomology group H ipX,Qlq and DT pV q for the
restriction to the eigenvalues of F ˚ acting on a subspace V Ă H ipX,Qlq stable under F ˚.
Remark 7. Actually, we can say that α-s are algebraic numbers all of which complex conjugates
(roots of P ptq P Qrts in C, where P ptq is a monic and irreducible polynomial such that P pαq “ 0)
have absolute value q
i
2 . It is actually quite unusual for an algebraic number to have all the complex
conjugates with the same absolute value (for instance, 1`?2 does not have this property).
I would like to conclude this section by informally outlining the steps of the proof.
In view of the Kunneth isomorphism (property (c) of the l-adic cohomology of Subsection 2.4)
and the fact that this isomorphism is compatible with the action of F ˚ one can argue that if the
theorem is true for X0 and Y0 then it should also be true for the product X0 ˆ Y0 and if every
variety can be represented as a product of curves then we can argue by dimension and call it a
day.
Unfortunately (or, depending on your perspective, very fortunately), this is not the case but
Deligne takes a cue from this and (once the reductions of Section 4 are made) argues by induction
(though in the end we will not have to refer to the known result for curves). The induction works
by taking a map f : X Ñ P1 for X (rather for X˜ such that it suffices to prove the theorem for X˜)
that looks similar to the first projection in the case of X » P1 ˆ Y and fails (in a certain sense)
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only at a finite number of points (this is where Lefschetz theory of Section 6 comes of use). By the
use of the Leray spectral sequence (see Subsection 2.3) one relates the cohomology of P1 with that
of X and thus makes a reduction to the last irreducible case where the ideas acquired by Deligne
while reading the paper of Rankin (see Section 5) allow him to conclude the proof.
It might be useful to reread the above paragraph after studying Sections 4-7 and before the
line of reasoning described above is implemented in Section 8.
4 Preliminary reductions
I will first make a few obvious remarks.
Let X0, Y0 be nonsingular projective varieties over Fq and X, Y be the corresponding varieties
over F¯q. It is easy to see that:
(i) If H ipY,Qlq Ñ H ipX,Qlq is a surjection, then DT piq for Y ñ DT piq for X .
(ii) If H ipX,Qlq ãÝÑ H ipY,Qlq is an embedding, then DT piq for Y ñ DT piq for X .
More generally, one can prove the following statement:
Proposition 4. Given two subspaces V Ă H ipX,Qlq and W Ă HjpY,Qlq stable under F ˚ and a
Ql-linear map ϕ : V ÑW such that for all v P V we have
ϕpF ˚vq “ qpi´jq{2F ˚ϕpvq
(that is our map is compatible with F ˚), the following hold:
(i) If ϕ is surjective, then DT pV q for X ñ DT pW q for Y .
(ii) If ϕ is injective, then DT pW q for Y ñ DT pV q for X.
We shall also need the following:
Proposition 5. It suffices to prove Deligne’s theorem for Fq replaced by a finite extension Fqn.
Proof. The Frobenius map Fn : X Ñ X relative to Fqn is F n so if α is an eigenvalue of F on
H ipX,Qlq then αn is an eigenvalue of Fn on H ipX,Qlq. Therefore, αn satisfies the condition of
DT relative to qn if and only if α satisfies the condition of DT relative to q.
We will sometimes use the results above without reference. Let’s turn to making the reductions.
Reduction 1. DT pdq for all absolutely (geometrically) irreducible nonsingular projective varieties
of dimension d implies DT .
That is, we only need to worry about the middle-dimensional cohomology groups.
Proof. We will need the following results:
(a) If X0 is purely of dimension d, DT piq for X0 is equivalent to DT p2d´ iq for X0.
This follows from the fact that if α is an eigenvalue of F ˚ acting on H ipX,Qlq then qd{α is an
eigenvalue of F ˚ acting on H2d´ipX,Qlq. We have shown that this follows from Poincare duality
in our proof of the Functional equation conjecture (see Section 3).
(b) If X0 is a union of irreducible tXα0 uαPI , DT for X0 is equivalent to the collection of DT for
all Xα0 , α P I.
This is obvious since the cohomology groups split as direct products.
(c) If X0 is purely of dimension d, Y0 is a smooth hyperplane section of X0 and i ă d, then
W pY0, iq ñW pX0, iq.
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This follows from the weak Lefschetz theorem (see Subsection 2.4) together with the fact that
the map H i´2pY,Qlqp´1q Ñ H ipX,Qlq is compatible with F ˚.
Reduce the general case as follows (we can assume that d ě 2):
-by (b) we can assume that X0 is purely of dimension d.
-by (a) we can also assume that i ě d.
-by (c), Proposition 5 and Bertini’s hyperplane theorem13 (Harthorne, II.8.18) we can further
assume that i “ d.
-by (b) and Proposition 5 we can finally assume that X0 is absolutely irreducible.
This concludes the proof.
Remark 8. As noted by A.Mellit, it is possible to avoid using the weak Lefschetz theorem here
by applying a Kunneth formula argument. We know how the Frobenius endomorphism acts on
H0pX,Qlq and H2dpX,Qlq. Suppose that d ď i. Then if we tensor H ipX,Qlq by itself d times and
H0pX,Qlq by itself i´d times then the whole product lands in H idpX id,Qlq (the middle-dimensional
cohomology group). Similarly for d ą i.
Consider the following statement.
Theorem (DR). Let X0 be a nonsingular absolutely irreducible projective variety of even di-
mension d over Fq, X the corresponding variety over F¯q and α an eigenvalue of F
˚ acting on
HdpX,Qlq. Then α is an algebraic number all of which complex conjugates, still denoted α, satisfy
q
d
2
´ 1
2 ď |α| ď q d2` 12 .
Reduction 2. DR implies DT .
Proof. By the first reduction it suffices to show that DR implies DT pdq for absolutely irreducible
varieties. Let X0 be a nonsingular absolutely irreducible projective variety of dimension d (not
necessarily even), α be an eigenvalue of F ˚ on HdpX,Qlq and k be an even integer. Then Kunneth
isomorphism implies that αk is an eigenvalue of F ˚ acting on HkdpXk,Qlq. By DR we have:
q
kd
2
´ 1
2 ď |αk| ď q kd2 ` 12
and
q
d
2
´ 1
2k ď |α| ď q d2` 12k .
Letting k go to infinity, we find that
|α| “ q d2 .
We are going to prove DR in Section 8 and thus conclude the proof of DT .
5 The Main Lemma
In this section we discuss the technical heart of the proof. These are the ideas commonly referred
to as the Main Lemma in English literature (french. la majoration fondamentale). Deligne was
able to deduce the results of this section after reading the lectures of Rankin [20] while studying
13It states the existence of Y0 in (c).
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automorphic forms. The main idea of Rankin (using the result of Landau) was that when one has
a product defining the zeta function, one can get information on the local factors (we will soon
define them in Lemma 6) from the information on the pole of the zeta function itself. It occurred
to Deligne to try a similar approach in a different situation, which eventually lead him to the
complete proof of the Riemann hypothesis.
We will now state the main result of this section. Let U0 be a curve over Fq, U the corresponding
curve over F¯q, u a closed point of U , F0 a locally constant Ql-sheaf on U0 and F its inverse image
on U .
Let β P Z 14. We will say that F0 has weight β if for all x P |U0| (the closed points of U), the
eigenvalues of F ˚x acting on F0 (see Remark 4 of Subsection 25) are algebraic numbers all of which
complex conjugates have absolute value Npxqβ{2 “ qdegpxqβ{2. It is easy to see that if F0 has weight
β then
rbF0 has weight rβ. In particular, one can show that Qlp1q has weight ´2 and Qlpiq has
weight ´2i (see [2], 30.5).
Theorem (The Main Lemma). Assume that:
(a) Bilinear form F0 is equipped with a bilinear skew-symmetric nondegenerate form
ψ : F0 b F0 Ñ Qlp´βq.
(b) Big geometric monodromy The image of pi1pU, uq in GLpFuq is an open subgroup of
the symplectic group15 SppFu, ψuq.
(c) Rationality For all x P |U0|, the polynomial detp1´ Fxt,F0q has rational coefficients.
Then F has weight β.
Remark 9. There is a different way to formulate condition (c) of the above theorem. Let K be a
field such that Q Ă K and let ϕ : V Ñ V be an endomorphism of a vector space V over K. Then
detp1´ϕt, V q has rational coefficients if and only if there exists a basis for V such that the matrix
of ϕ has rational coefficients (one direction is obvious and the converse follows from the theory of
rational forms for matrices). We will say that an endomorphism ϕ is rational if it satisfies these
equivalent conditions.
Proof. We may and do assume that U is affine and that F ‰ 0. The following two lemmas are
straightforward.
Lemma 6. Let 2k be an even integer and x P |U0|. The local factors detp1´ Fxtdegpxq,
2kbF0q´1 are
formal power series with positive rational coefficients.
Proof. The rationality assumption (c) ensures that for all n we have TrpF nx ,F0q P Q. For any
endomorphism F : V Ñ V of a finite-dimensional vector space over a field k and for all i one has
TrpF, ibV q “ TrpF, V qi.
Hence
TrpF nx ,
2kbF0q “ TrpF nx ,F0q2k
14One may want to define weights for β P Q but we will not need this.
15For a vector space V and a skew-symmetric bilinear form ψ the symplectic group is defined as
SppV, ψq “ tα P GLpV q ψpαv, αv1q “ ψpv, v1q, v, v1 P V u.
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is a positive rational. We have established the following formula in Lemma 3 (Subsection 2.5)
logpdetpp1´ Ft, V q´1q “
ÿ
ną0
TrpF n, V qt
n
n
.
So logpdetp1´ Fxtdegpxq,
2kbF0q´1q has positive rational coefficients and the coefficients of its expo-
nentiation are therefore also positive.
Lemma 7. Let tfi “
ř
n ai,nt
nuiě1 be a sequence of formal power series with positive real coeffi-
cients. Assume that the order of fi ´ 1 tends to infinity with i and let f “
ś
i fi. Then for any i
the radius of convergence of fi is greater or equal than that of f .
If f and all the fi are Taylor expansions of meromorphic functions, then
inft|z| |fpzq “ 8u ď inft|z| |fipzq “ 8u.
Proof. Let f “ řn antn. Then we have ai,n ď an and this implies the first part. For the second
part simply note that those numbers are the radii of convergence.
Assumption (b) of the theorem implies the following lemma.
Lemma 8. pi1pU, uq is Zariski dense in SppFu, ψuq and therefore
Homp2kbFu,Qlqpi1pU,uq “ Homp
2kbFu,QlqSppFu,ψuq.
Proof. pi1pU, uq is a Galois group so it is compact and its image p¯i in SppFu, ψuq is closed. By the
l-adic version of Cartan’s theorem (see [21], LG 5.42) p¯i is a Lie subgroup of Sp. Since it is open, it
has the same dimension as a Lie group. Let G Ă Sp be the Zariski closure of p¯i in Sp (the smallest
closed subvariety of Sp defied over Ql such that p¯i Ă GpQlq). Then G is an algebraic subgroup of
Sp and we want to show that G “ Sp. Consider
Tep¯i Ă TeG Ă TeSp.
Since Tep¯i “ TeSp, dimG “ dimSp and so G “ Sp since Sp is connected.
Let f :
2kbFu Ñ Ql be a map fixed by pi1pU, uq. For τ P SppFu, ψuq fixing f is an algebraic
condition on τ so if f is fixed by p¯i it is also fixed by its Zariski closure.
Obviously,
Homp2kbFu,QlqSp “ Hompp
2kbFuqSp,Qlq.
If ψ1, ¨ ¨ ¨ , ψN is a basis for Homp
2kbFu,QlqSp then the map
2kbFu Ñ QNl : xÑ
Nź
i“1
ψipxq
induces an isomorphism
p2kbFuqSp „Ñ QNl .
We will now use invariant theory to choose a basis tψiu such that the action of GalpF¯q{Fqq transfers
to an action on QNl . For any partition P of t1, ¨ ¨ ¨ , 2ku into k two element sets tiα, jαu piα ă jαq
we have an invariant form
ψP :
2kbFu Ñ Qlp´kβq : x1 b ¨ ¨ ¨ b x2k Ñ
ź
α
ψupxiα , xjαq.
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Lemma 9. The invariant forms ψP span Homp
2kbFu,QlqSp.
Proof. See [22], Chapter VI, par. 1 or [23], Appendix F for this invariant theory result.
Therefore, a basis of the forms of type ψP induces an isomorphism
p2kbFuqpi1 “ p
2kbFuqSp „Ñ Qlp´kβqN .
Then, according to Proposition 3 (Subsection 2.6) we have
H2c pU,
2kbFq » Qlp´kβ ´ 1qN
and
H0c pU,
2kbFq “ 0,
so the cohomological interpretation of L-functions gives
ZpU0,
2kbF0, tq “ detp1´ F
˚t, H1pU, 2kbFqq
p1´ qkβ`1tqN .
We shall only need the fact that the poles of this zeta function have absolute value t “ 1{qkβ`1. If
α is an eigenvalue of Fx on F0, then α
2k is an eigenvalue of Fx on
2kbF0. Now, let α be any complex
conjugate of the original α. Then 1{α2k{degpxq is a pole of detp1´ Fxtdegpxq,
2kbF0q´1. By Lemmas 6
and 7 we have
|1{qkβ`1| ď |1{α2k{degpxq|
or
|α| ď qdegpxqpβ2` 12k q
and letting k go to infinity gives
|α| ď q degpxqβ2 .
The existence of the pairing ψ implies that qdegpxqβα´1 is an eigenvalue, so we have the inequality
|qdegpxqβα´1| ď q degpxqβ2
or
q
degpxqβ
2 ď |α|.
This completes the proof.
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Corollary 1. Let α be an eigenvalue of F ˚ acting on H1c pU,Fq. Then α is an algebraic number
all of which complex conjugates satisfy
|α| ď q β`12 ` 12
and the action of F ˚ on H1c pU,Fq is rational.
Proof. Since U is affine Proposition 3 (Subsection 2.6) gives
HcpU,Fq “ 0
and
H2c pU,Fq “ pFuqpi1pU,uqp´1q.
There are no Sp-invariant linear forms Fu Ñ Ql (or
nbFu Ñ Ql for any odd n, by invariant
theory) so assumption (b) of the theorem implies that this cohomology group is also zero. The
cohomological interpretation of L-functions gives
ZpU0,F0, tq “ detp1´ F ˚t, H1c pU,Fqq.
The left hand side is a formal series with rational coefficients, given its representation as
a product and the rationality assumption. The right hand side is therefore a polynomial with
rational coefficients and 1{α is its root, so the action of F ˚ is rational and α is algebraic. To
complete the proof it suffices to show that the infinite product
ZpU0,F0, tq “
ź
xP|U0|
detp1´ F ˚x tdegpxq,F0q´1
converges absolutely for |t| ă q´β2´1. Let N be the rank of F and let αi,x be the eigenvalues of F ˚x
acting on Fx. Then
detp1´ F ˚x tdegpxq,F0q “
Nź
i“1
p1´ αi,xtq
and the Main Lemma implies that |αi,x| “ qdegpxqβ{2. The convergence of the infinite product is
equivalent to that of the series ÿ
i,x
|αi,xtdegpxq|.
For |t| “ q´β2´1´ε pε ą 0q we haveÿ
i,x
|αi,xtdegpxq| “ N
ÿ
x
qdegpxqp´1´εq
so it suffices to prove that
ř
x q
degpxqp´1´εq converges. Every closed point of U0 of degree n con-
tributes at least 1 (in fact, exactly n) elements to U0pFqnq. Since U0 Ă A1, the number of closed
points of degree n is bounded above by qn and we haveÿ
x
qdegpxqp´1´εq ď
ÿ
n
qnqnp´1´εq “
ÿ
n
q´nε ă 8,
so the corollary is proved.
Note that we have only used the facts that F0 has weight β and pFuqpi1pU,uqp´1q “ 0.
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Corollary 2. Let j0 be the inclusion of U0 in P
1
Fq
, j that of U into P1 and α an eigenvalue of F ˚
acting on H1pP1, j˚Fq. Then α is an algebraic number all of which complex conjugates satisfy
q
β`1
2
´ 1
2 ď |α| ď q β`12 ` 12
and the action of F ˚ on H1pP1, j˚Fq is rational.
Proof. From the long exact sequence in cohomology defined by the short exact sequence16
0Ñ j!F Ñ j˚F Ñ j˚F{j!F Ñ 0
(j! is the extension by 0) we obtain a surjection
H1c pU,Fq Ñ H1pP, j˚Fq,
so Corollary 1 implies that the action of F ˚ on H1pP1, j˚Fq is rational and we have:
|α| ď q β`12 ` 12 .
The sheaf qFp1q satisfies the same assumptions as F with β replaced by ´2´ β. Hence the action
of F ˚ on H2´ipP1, j˚ qFp1qq is rational and its eigenvalues α1 satisfy
|α1| ď q´β´12 ` 12 .
From the third form of Poincare duality we have a canonical nondegenerate pairing
H ipX, j˚Fq bH2´ipX, j˚ qFp1qq Ñ H2c pX,Qlp1qq „Ñ Ql
so each eigenvalue α is an inverse of an α1 and we have
|α| ě q β`12 ´ 12 .
The results of this section will play a crucial role in Section 8. They suffice to prove Deligne’s
theorem for the case of a hypersurface of odd dimension n in Pn`1Fq (provided that one knows Lef-
schetz theory well enough). That was the case that Deligne originally considered which convinced
him that he can go all the way17. We will come back to this in the end of Section 6.
16One may also use the exact sequence
0 Ñ j!F Ñ j˚F Ñ i˚i
˚j˚F Ñ 0
(for i : Z Ñ P1 the inclusion of the complement Z “ P1zU into P1) derived from that in [2], 8.15. by applying j˚.
17He said that in an interview on the occasion of the Abel prize reward in 2013.
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6 Overview of Lefschetz theory
This section is a overreview of the Lefschetz theory results that we will use in Section 8.
The first two subsections may be regarded as an independent review of the subject and are
organized as follows: we first state the Lefschetz results on C, then transpose these results into
l-adic geometry and finally state the consequences for the higher direct images of Ql. The results
will be carried into l-adic geometry by analogy. The standard reference for the proofs is SGA 7
(see exact references in [7], 5.13). Sketches of some of the results appear in [2], Chapters 31, 32.
In the third subsection we actually check assumption (b) of the Main Lemma for a certain
sheaf F0 (defined later). In the next section we will define this sheaf and verify that it also satisfies
assumptions (a) and (c). The obtained result will be used in the final step of the proof in Section
8.
6.1 Local Lefschetz theory
Lefschetz results on C are as follows.
Let D “ tz| |z| ă 1u be the unit disk, D˚ “ Dzt0u and f : X Ñ D a morphism of complex
manifolds (or, more generally, analytic spaces).
Assume that:
(a) X is purely of dimension n ` 1 (and nonsingular in the case of analytic spaces).
(b) f is proper.
(c) f is smooth on the complement of the point x of the special (singular) fiber X0 “ f´1p0q.
(d) x is a nondegenerate double point of f .
Let t ‰ 0 in D and Xt “ f´1ptq a general fiber. To this data we associate:
(α) The specialization morphisms
sp : H ipX0,Zq Ñ H ipXt,Zq
defined as the composition arrow in
H ipX0,Zq „Ð H ipX,Zq Ñ H ipXt,Zq.
(β) The monodromy transformations
T : H ipXt,Zq Ñ H ipXt,Zq,
which describe the effect on the singular cycles of Xt of ”rotating t around 0”. This is an action on
H ipXt,Zq, seen as the stalk of Rif˚Z|D˚ (see Proposition 2 of Subsection 2.3) at t, of the positive
generator of pi1pD˚, tq.
We define the vanishing cycle
δ P HnpXt,Zq
as the unique (up to sign) generator of
HnpX0,ZqK Ă HnpXt,Zq
under the pairing induced by Poincare duality.
Lefschetz theory describes (α) and (β) in terms of δ. For i ‰ n, n ` 1 we have
H ipX0,Zq „Ñ H ipXt,Zq pi ‰ n, n` 1q
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and for i “ n, n` 1 there is an exact sequence
0Ñ HnpX0,Zq Ñ HnpXt,Zq xÑpx,δqÑ ZÑ Hn`1pX0,Zq Ñ Hn`1pXt,Zq Ñ 0
(where p¨, ¨q is the duality pairing). For i ‰ n, the monodromy T is the identity and for i “ n we
have
Tx “ x˘ px, δqδ.
The sign ˘ and the values of Tδ and pδ, δq are as follows.
Table 1 n mod 4 0 1 2 3
Tx “ x˘ px, δqδ - - + +
pδ, δq 2 0 -2 0
Tδ ´δ δ ´δ δ
The monodromy transformation preserves the intersection form18 TrpxY yq on HnpXt,Zq.
l-adic Lefschetz results are obtained as follows.
Replace the disk D with the spectrum of a Henselian discrete valuation ring A with an alge-
braically closed residue field. Let S be the spectrum, η its generic point (spectrum of the field of
fractions of A), s the closed point (spectrum of the residue field). The role of t is played by the
geometric generic point η¯ (spectrum of the closure of the field of fractions of A). Let f : X Ñ S
be a morphism of schemes. Assume that:
(a) X is regular purely of dimension n` 1.
(b) f is proper.
(c) f is smooth on the complement of the point x of the special (singular) fiber Xs.
(d) x is an ordinary double point19.
Let l be a prime number different from the characteristic of the residue field of A. Denote by
Xη¯ the generic geometric fiber. To this data we associate:
(α) The specialization morphism
sp : H ipXs,Qlq „Ð H ipX,Qlq Ñ H ipXη¯,Qlq.
(β) The local monodromy action of the inertia group I “ Galpη¯{ηq on H ipXη¯,Qlq:
I “ Galpη¯{ηq Ñ GLpH ipXη¯,Qlqq.
Note that (α) and (β) completely determine the sheaf Rif˚Ql on S.
Let n “ 2m for n even and n “ 2m` 1 for n odd. We define the vanishing cycle
δ P HnpXη¯,Qlqpmq
as the unique (up to sign) generator of
HnpXs,QlqK Ă HnpXη¯,Qlqpmq
under the pairing induced by Poincare duality.
18It is a symplectic transvection for n odd and the symmetric ortogonal for n even.
19A point P of a variety X of dimension d is called an ordinary double point if for the completion of the local ring
OˆX,P one has OˆX,P » krrt1, ¨ ¨ ¨ td`1ss{pQpt1, ¨ ¨ ¨ , td`1qq where Qpt1, ¨ ¨ ¨ , td`1q is a nondegenerate quadratic form.
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Lefschetz theory describes (α) and (β) in terms of δ. For i ‰ n, n ` 1 we have
H ipXs,Qlq „Ñ H ipXη¯,Qlq pi ‰ n, n` 1q
and for i “ n, n` 1 there is an exact sequence
0Ñ HnpXs,Qlq Ñ HnpXη¯,Qlq xÑTrpxYδqÑ Qlpm´ nq Ñ Hn`1pXs,Qlq Ñ Hn`1pXη¯,Qlq Ñ 0.
The local monodromy action is trivial for i ‰ n. For i “ n it is described as follows.
(A) n odd There is a canonical homomorphism
tl : I Ñ Zlp1q,
and the action of σ P I is given by
xÑ x˘ tlpσqpx, δqδ.
(B) n even We will not need this case. If p ‰ 2, there exists a unique character of order two
ε : I Ñ t˘1u,
and we have
σx “ x if εpσq “ 1
σx “ x˘ px, δqδ if εpσq “ ´1
The signs ˘ in (A) and (B) are the same as in Table 1.
Proposition 6. The results above imply the following information about Rif˚Ql.
(a) If δ ‰ 0:
1) For i ‰ n the sheaf Rif˚Ql is constant.
2) Let j be the inclusion of η in S. We have
Rif˚Ql “ j˚j˚Rif˚Ql 20.
(b) If δ “ 0 ( since pδ, δq “ ˘2 for n even, this can only happen for n odd):
1) For i ‰ n ` 1 the sheaf Rif˚Ql is constant.
2) Let Qlpm´ nqs be the sheaf Qlpm´ nq on tsu extended by zero on S. Then there is an
exact sequence
0Ñ Qlpm´ nqs Ñ Rn`1f˚Ql Ñ j˚j˚Rn`1f˚Ql Ñ 0,
where j˚j
˚Rn`1f˚Ql is a constant sheaf.
6.2 Global Lefschetz theory
Lefschetz results on C are as follows.
Let P be a projective space of dimension ě 1 and qP the dual projective space. The points of qP
parameterize the hyperplanes of P and we denote by Ht the hyperplane defined by t P qP. If A is a
linear subspace of codimension 2 in P, hyperplanes containing A are parameterized by the points
20Where by ” “ ” we mean that the canonical morphism Rif˚Ql Ñ j˚j
˚Rif˚Ql is an isomorphism.
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of the projective line D Ă qP, the dual of A. We say that the set of hyperplanes tHtutPD forms the
pencil with axis A.
Let X Ă P be a connected nonsingular projective variety of dimension n` 1 and X˜ Ă X ˆD
be the set of pairs px, tq such that x P Ht. Projections to the first and second coordinates form the
diagram
X X˜
D
pi
f (8)
Denote by Xt “ X XHt the fiber of f at t P D (it is a hyperplane section of X). For A general
enough we have:
(A) A is transverse to X and X˜ is the blowing up of X along A X X . In particular, X˜ is
nonsingular.
(B) There is a finite subset S of D and for each s P S a point xs P Xs such that f is smooth
outside the txsusPS.
(C) All the txsusPS are critical nondegenerate points of f .
So we see that for each s P S the local Lefschetz theory of the previous subsection applies
to a small disk Ds around s and f
´1pDsq.
Let U “ DzS, u P U and tγsusPS be disjoint loops that start from u and turn once around s.
Then tγsusPS generate the fundamental group pi1pU, uq. As in the local case, we have a monodromy
action
pi1pU, uq Ñ GlpH ipXu,Zqq,
where we see H ipXu,Zq as the stalk of Rif˚Z|U at u. According to the local theory, for each s P S
we have a vanishing cycle δs P HnpXu,Zq. For i ‰ n, the action of pi1pU, uq on H ipXu,Zq is trivial
and for i “ n it ”deforms the cohomology by vanishing cycles” and we have
γsx “ x˘ px, δsqδs (The Picard-Lefschetz formula).
We define the vanishing part E of the cohomology as a subspace
E Ă HnpXu,Qq
generated by all the tδsusPS. It is easy to prove the following proposition.
Proposition 7. E is stable under the action of the group pi1pU, uq (the monodromy group). The
ortogonal EK of E (for the intersection form Trpx Y yq) is the space of invariants of pi1pU, uq in
HnpXu,Qq.
Proof. Both statements follow from the Picard-Lefschetz formula. If we substitute δs1 for x, we
will have
γsδs1 “ δs1 ˘ pδs1, δsqδs
that implies the first statement and
γsx´ x “ ˘px, δsqδs
implies the second (because γs generate the monodromy group).
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The proof of the following proposition is a nice geometric argument.
Proposition 8. The vanishing cycles ˘δs are conjugate (up to sign)21 under the action of pi1pU, uq.
Proof. We define the dual variety qX of X as the set of t P qP such that Ht is tangent to X (that is,
Xt is singular or X Ă Ht). Then qX is irreducible. Let Y Ă X ˆ qP be the space of pairs px, tq such
that x P Ht, then we have a diagram
X Y
qP
g
The fiber of g at t P qP is the hyperplane section Xt “ X X Ht of X and g is smooth on the
complement of the inverse image of qX .
Replacing qP by the line D Ă qP and Y by g´1pDq we retrieve the situation of (8). We have
S “ D X qX and, by a result of Lefschetz, for D general enough
pi1pDzS, uq Ñ pi1pqPz qX, uq
is surjective so it suffices to show that ˘δs are conjugate under pi1pqPz qXq.
We will first show that tγsusPS are conjugate to each other. For x in the smooth locus (of
codimension 1) of qX , let ch be the path from t to x in qPz qX and γx the loop that follows ch until
the neighborhood of qX , turns once around qX and then returns to t by ch. The loops γx (for various
ch) are conjugate to each other in pi1pqPz qXq.
We can always join two points in the smooth locus of qX by a path that does not leave the
smooth locus since qX is irreducible. Therefore, the conjugation class of γx does not depend on x
and in particular tγsusPS are conjugate to each other.
Proposition follows from the Picard-Lefschetz formula since
γsx´ x “ ˘px, δsqδs
determines δs up to sign and for γ P pi1pqPz qXq we have
pγγsγ´1qx “ γpγ´1x˘ pγ´1x, δsqδsq “ x˘ px, γδsqγδs.
Corollary 3. The action of pi1pU, uq on E{pE X EKq is absolutely irreducible22.
Proof. Let F Ă E bC be the subspace stable under the monodromy. If F Ć pE XEKq bC, there
exists an x P F and s P S such that px, δsq ‰ 0 and we have
γsx´ x “ ˘px, δsqδs P F.
So δs P F and by Proposition 8 all the tδsusPS lie in F , so F “ E.
21That is, given s, s1 P S, there exists a σ P pi1pU, uq such that σδs “ ˘δs.
22The action on the k-vector space V is called absolutely irreducible if the corresponding action on V bk C is
irreducible.
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l-adic Lefschetz results are obtained as follows.
Let P be a projective space of dimension ą 1 over an algebraically closed field k of characteristic
p and X Ă P a connected projective nonsingular variety of dimension n`1. For A a linear subspace
of codimension 2 we define D, the pencil tHtutPD, X˜ and the diagram (8) as in the complex case.
Definition. tHtutPD form a Lefschetz pencil of hyperplane sections for X if:
(A) The axis A is transverse to X. X˜ is obtained by blowing up X along AXX and is smooth.
(B) There is a finite subset S of D and for each s P S a point xs P Xs such that f is smooth
outside the txsusPS.
(C) All the txsusPS are ordinary double singular points of f .
Then we see that for each s P S the local Lefschetz theory of the previous subsection
applies to the spectrum Ds of the Henselization of the local ring of D at s and to
X˜Ds “ X˜ ˆD Ds.
Unlike the complex case, however, it might happen that no Lefschetz pencil for X can be
found. However, we can overcome this complication by modifying the projective embedding
ι1 : X ãÝÑ P as follows.
Let N be the dimension of P, r an integer ě 1 and ιprq the embedding of P into the projective
space of dimension
`
N`r
N
˘´ 1 such that its homogeneous coordinates are monomials of degree r in
the homogeneous coordinates of P. The hyperplane sections of ιprqpPq correspond to hypersurfaces
of degree r of P. Choose an r ě 2 and replace ι1 by ιr “ ιprq ˝ ι1.
One can show that in the new embedding any general enough pencil of hyperplane
sections is a Lefschetz pencil for X. The proof follows from a careful consideration of the
dual variety qX by applying Bertini’s theorem (see [2], 31.2 for the sketch and SGA 7, XVII 3.7.
for complete proof).
We will now study the Lefschetz pencil for X , excluding the case p “ 2, n even. The case of
n odd will suffice for our purposes. Let U “ DzS, u P U and l ‰ p a prime number. The local
results of the previous subsection (see Proposition 6) imply that Rnf˚Ql is tamely ramified at each
s P S. We recall the definition of the tame fundamental group.
Fix an algebraic closure Kal of K “ kpDq. Then we let
pitame1 pU, uq “ GalpKtame{Kq
where Ktame is the composite of the subfields of Kal that are unramified at all the primes corre-
sponding to the points of U and tamely ramified at those corresponding to the points of S. Note
that pitame1 pU, uq contains a subgroup Is for every s P S and is generated by these subgroups. We
will drop the upper script and denote this group by pi1pU, uq as before.
The Lefschetz results are transposed from the complex case by replacing the fundamental group
pi1pU, uq with the tame fundamental group. The algebraic situation is similar to the situation over
C and the translation is done by standard arguments23. The proofs of the analogs of Proposition
7 and Corollary 3 are similar and in the proof of Proposition 8 the surjectivity result of Lefschetz
for the map between fundamental groups is replaced by a theorem of Bertiny (see [2], 32.3 for the
sketch and [24] for complete proof). We summarize the results in the following proposition.
23The tame fundamental group of U is a quotient of the profinite completion of the corresponding fundamental
groups over C (lifting to characteristic 0 of the tame coverings and the Riemann existence theorem).
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Proposition 9. Under the assumptions above we have the following results:
(a) If the vanishing cycles are nonzero:
1) For i ‰ n the sheaf Rif˚Ql is constant.
2) Let j be the inclusion of U in D. We have
Rnf˚Ql “ j˚j˚Rnf˚Ql.
3) Let E Ă HnpXu,Qlq be the subspace of the cohomology generated by the vanishing cycles.
This subspace is stable under pi1pU, uq and
EK “ HnpXu,QlqpipU,uq.
The action of pipU, uq on E{pE X EKq is absolutely irreducible and the image of pi1pU, uq in
GLpE{pE X EKqq is topologically generated24 by the maps xÑ x˘ px, δsqδs ps P Sq (the ˘ sign is
determined as in Table 1).
(b) If the vanishing cycles are zero (since pδ, δq “ ˘2 for n even, it can only happen for odd
n “ 2m` 1):
1) For i ‰ n ` 1 the sheaf Rif˚Ql is constant.
2) We have an exact sequence
0Ñ ‘
sPS
Qlpm´ nqs Ñ Rn`1f˚Ql Ñ F Ñ 0
with F constant.
3) E “ 0.
Since all of the vanishing cycles are conjugate, there are no other possibilities.
6.3 The theorem of Kajdan and Margulis
The subspace E XEK of E is the kernel of the restriction to E of the intersection form TrpxY yq.
Therefore, this form induces a bilinear nondegenerate form
ψ : E{pE X EKq b E{pE X EKq Ñ Qlp´nq,
preserved by the monodromy action, skew-symmetric for n odd and symmetric for n even. For n
odd, therefore, the monodromy action gives a map
ρ : pi1pU, uq Ñ SppE{pE X EKq, ψq.
Theorem (Kajdan-Margulis). The image of ρ is open.
Intuitively, the theorem states that ”the monodromy is big”.
Proof. We will need some theory of Lie groups over Ql (consult [21] or assume by analogy). The
image of ρ is closed so it is a Lie group over Ql (l-adic analog of Cartan’s theorem). Let L be its
Lie algebra25. Since there is an exponential map that sends any sufficiently small neighborhood
of 0 in a Lie algebra onto the neighborhood of 1 of its Lie group, it suffices to show that L equals
sppE{pE X EKq, ψq.
24They generate a dense subgroup.
25In the complex case we would have the Lie algebra of the Zariski closure of the monodromy group.
35
Consider the map log : Impρq Ñ L (defined in the neighborhood of 1) and let
αs : xÑ x˘ ψpx, δsqδs ps P Sq.
Then
logpαsq “ logp1´ p1´ αsqq “ ´
ÿ
n
p1´ αsqn
n
.
But p1 ´ αsqpxq “ ˘ψpx, δsqδs. Because of skew-symmetry we have ψpδs, δsq “ 0, so we see that
p1´ αsq2 “ 0 and L contains all the endomorphisms
Ns : xÑ ψpx, δsqδs ps P Sq
and is generated by them. Moreover, E{pE XEKq is an absolutely irreducible representation of L.
We obtain the theorem by applying the following lemma.
Lemma 10. Let V be a finite dimensional vector space over the field k of characteristic 0, ψ a
nondegenerate skew-symmetric form on a Lie subalgebra L of the Lie algebra sppV, ψq. Assume:
(i) V is a simple representation of L.
(ii) L is generated by the family of endomorphisms of V of the form xÑ ψpx, δqδ.
Then L “ sppV, ψq.
Proof. Assume that V (and thus L) are nonzero. Let W Ă V be the set of δ P V such that
Npδq : xÑ ψpx, δqδ lies in L. Then we proceed as follows:
(a) W is stable under homotheties (since L is a vector subspace of glpV q).
(b) For δ P W , exppλNpδqq (well-defined since Npδq is nilpotent) is an automorphism of
pV, ψ,Lq. W is an invariant subspace for exppλNpδqq and if δ1, δ2 PW , we have
exppλNpδ1qqδ2 “ δ2 ` λψpδ2, δ1qδ1 PW.
It follows that if ψpδ1, δ2q ‰ 0, then the vector subspace spanned by δ1 and δ2 lies in W .
(c) From (b) we conclude that W is the union of its maximal linear subspaces Wα, pairwise
orthogonal. Each Wα is stable under the Npδq pδ P W q, so it is stable under L. Assumption (i)
gives Wα “ V and thus L contains all the Npδq for δ P V .
But sppV, ψq is generated by the Npδq pδ P V q so our proof is complete.
It is now easy to deduce:
Deligne’s theorem (particular case). Deligne’s theorem is true for a hypersurface X0 of odd
dimension n in Pn`1Fq .
Proof. We will sketch the proof. Let X » Pn be the corresponding variety over F¯q. It is enough
to verify the claim of Deligne’s theorem for i “ n. This follows from Reduction 1 of Section 4
but in fact we do not need this here because one can show that H ipX,Qlq “ 0 for odd i ‰ n and
H ipX,Qlq “ Qlp´ i2q for even i (see [2], 16.4), so we have
ZpX0, tq “ detp1´ F ˚t, HnpX,Qlq{
nź
i“0
p1´ qitq
(where detp1´ F ˚t, HnpX,Qlqq has rational coefficients) and it is enough to treat the case i “ n.
If we now vary X0 within a Lefschetz pencil f : X˜ “ Pn`1 Ñ D of hyperplane sections defined
over Fq (it exists in a suitable projective embedding after taking a finite extension of Fq - see the
proof in Section 8) one can verify that E coincides with the whole HnpX˜,Qlq and applying the
Main Lemma to the subsheaf E0 defining E (see the next section) gives Deligne’s theorem for all
the hyperplanes of the pencil, in particular, for X0.
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7 The rationality theorem
Let P0 be a projective space of dimension ě 1 over Fq, X0 Ă P0 a projective nonsingular variety,
A0 Ă P0 a linear subspace of codimension two, D0 Ă qP0 the dual projective line, F¯q the algebraic
closure of Fq and P, X,A,D over F¯q obtained from P0, X0, A0, D0 by extension of scalars. Diagram
(8) of Subsection 6.2 comes from a similar diagram over Fq:
X0 X˜0
D0
pi0
f0
Assume thatX is connected of even dimension n`1 “ 2m`2 and that the pencil of hyperplane
sections of X defined by D is a Lefschetz pencil. The set S of t P D such that Xt is singular and
defined over Fq comes from S0 Ă D0. We denote U0 “ D0 ´ S0 and U “ D ´ S.
We will now define the sheaf E0 and prove that for x P |U0| the action of Fx on E0{pE0 X EK0 q is
rational. Let u P U . Since E Ă HnpXu,Qlq is stable under pi1pU, uq, it is defined on U by a local
Ql-subsheaf E of R
nf˚Ql. Both sheaves are actually defined over Fq. Indeed, R
if˚Ql is an inverse
image of the Ql-sheaf R
if0˚Ql on D0 and E is the inverse image of a local subsheaf
E0 Ă Rnf0˚Ql
on U0. The cup product defines a canonical skew-symmetric form
ψ : Rnf0˚Ql bRnf0˚Ql Ñ Qlp´nq.
Denote by EK0 the ortogonal of E0 relative to ψ on R
nf0˚Ql|U0. We see that ψ induces a nonde-
generate (perfect) skew-symmetric pairing
ψ : E0{pE0 X EK0 q b E0{pE0 X EK0 q Ñ Qlp´nq.
The rationality theorem. For all x P |U0| the polynomial detp1´F ˚x t, E0{pE0XEK0 qq has rational
coefficients.
Corollary 4. Let j0 be the inclusion of U0 in D0 and j that of U in D. The eigenvalues of F
˚
acting on H1pD, j˚E0{pE0 X EK0 qq are algebraic numbers all of which complex conjugates α satisfy
q
n`1
2
´ 1
2 ď |α| ď q n`12 ` 12 .
Proof. By the theorem of Kajdan and Margulis and the Rationality Theorem, the assumptions of
the Main Lemma are satisfied for pU0, E0{pE0 X EK0 q, ψq and β “ n so we can apply Corollary 2 of
Section 5.
Proof of the rationality theorem. We start with the following observation:
Lemma 11. Let G0 be a locally constant Ql-sheaf on U0 such that its inverse image G on U is a
constant sheaf. Then there exist units αi in Q¯l such that for each x P |U0| we have
detp1´ F ˚x t,G0q “
ź
i
p1´ αdegpxqi tq.
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Proof. Let ε : Uo Ñ SpecFq be the canonical morphism. The assumption of the lemma implies
that ε˚ε˚G0 Ñ G0 becomes an isomorphism once we base change to F¯q so G0 is the pullback of the
sheaf ε˚G0.
This sheaf identifies with an l-adic representation G0 of GalpF¯q{Fqq (by Proposition 1) and we
can take αi as in
detp1´ Ft,G0q “
ź
i
p1´ αitq
(since F ˚x acts on G0 as F
´ degpxq).
This lemma can be applied to Rif0˚Ql pi ‰ nq, to Rnf0˚Ql{E0 and to E0 X EK0 (to see that
the inverse images of the latter two sheaves are constant, use the equivalence of categories of
Proposition 1 and the fact that the monodromy acts by deforming the cohomology by the vanishing
cycles).
Let x P |U0| and consider the fiber Xx “ f´10 pxq as a variety over the finite field kpxq. Let x¯
be a point of U that lies above x, then Xx¯ is obtained from Xx by an extension of scalars of kpxq
to the algebraic closure kpx¯q “ F¯q and H ipXx¯,Qlq is the stalk of Rif˚Ql at x¯ (Proposition 2 of
Subsection 2.3). The cohomological interpretation of the zeta function for Xx gives
ZpXx, tq “
ź
i
detp1´ F ˚x t, Rif0˚Qlqp´1q
i`1
and we use the filtrations
0Ñ E0 Ñ Rnf0˚Ql Ñ Rnf0˚Ql{E0 Ñ 0
and
0Ñ E0 X EK0 Ñ E0 Ñ E0{E0 X EK0 Ñ 0
to represent ZpXx, tq as the product ZpXx, tq “ Zsptq ¨ Zbptq, where
Zsptq “ detp1´ F ˚x t, Rnf0˚Ql{E0q detp1´ F ˚x t, E0 X EK0 q
ź
i‰n
detp1´ F ˚x t, Rif0˚Qlqp´1q
i`1
is the the part with ”small monodromy” and
Zbptq “ detp1´ F ˚x t, E0{pE0 X EK0 q
is the part with ”big monodromy”.
We want to show that Zbptq P Qptq. Let F0 “ E0{pE0XEK0 q, F “ E{pE XEKq and apply Lemma
11 to the factors of Zf . There exist l-adic units tαiu1ďiďN and tβju1ďjďM in Q¯l such that for all
x P |U0|
ZpXx, tq “
ś
i
p1´ αdegpxqi tqś
j
p1´ βdegpxqj tq
Zbptq (9).
By rationality of the zeta function the right side lies in Qptq. After cancellation, we may assume
that αi ‰ βj for all i and j.
It suffices to prove that the polynomials
ś
i
p1´αitq and
ś
j
p1´βjtq have rational coefficients,
that is, the family of αi (resp. the family of βj) is defined over Q. The idea is to characterize
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the polynomials
ś
j
p1´ βdegpxqj tq and
ś
i
p1´ αdegpxqi tq as the denominator and the numerator of (9)
respectively. The problem here is that the factors coming from Zbptq might cancel some of the
p1 ´ αdegpxqi tq. However, it can only happen to a very limited extent as we vary (9) over x P |U0|
because ”the monodromy of Zbptq is big” by the theorem of Kajdan and Margulis. We make this
intuition precise in the following technical proposition.
Proposition 10. Let tγiu1ďiďP and tδju1ďjďQ be two families of l-adic units of Q¯l. Assume that
γi ‰ δj for all i and j. If K is a large enough set of integers ‰ 1, and L is a large enough nowhere
dense subset of |U0|, then, if x P |U0| satisfies k ∤ degpxq (for all k P K) and x R L, the denominator
of
detp1´ F ˚x t,F0q
ź
i
p1´ γdegpxqi tq{
ź
j
p1´ δdegpxqj tq (10),
written in irreducible form, is
ś
j
p1´ δdegpxqj tq.
Let me complete the proof of the theorem modulo Proposition 10 and then come back and
prove Proposition 10. According to the following lemma, Proposition 10 provides an intrinsic
description of the family of δj in terms of the family of rational fractions (10) for x P |U0|.
Lemma 12. Let K be a finite set of integers ‰ 1 and tδju1ďjďQ and tεju1ďjďQ be two families of
elements of a field. If, for all n large enough and not divisible by any of the k P K, the family of
δnj coincides with that of ε
n
j (up to order), then the family of δj coincides with that of εj (up to
order).
Proof. We will prove this by induction on Q (with Q=1 the trivial case). The set of integers n
such that δnQ “ εnj is an ideal pnjq. Suppose that there exists no j0 such that δQ “ εj0. Then all
the nj are distinct from 1 and there exist arbitrarily large integers n, not divisible by any of the nj
and any of the k P K. For such an n we have δnQ ‰ εnj , that is a contradiction. So there exists a j0
such that δQ “ εj0 and we conclude by applying the induction hypothesis to the families tδjuj‰Q
and tεjuj‰j0.
By putting tγiu “ tαiu and tδiu “ tβiu in Proposition 10 we get an intrinsic characterization
of the family of βj in terms of the family of rational functions ZpXx, tq px P |U0|q. Since ZpXx, tq P
Qptq, the family of βj is defined over Q.
We will now give an intrinsic characterization of the family of αi.
Proposition 11. Let tγiu1ďiďP and tδju1ďjďQ be two families of p-adic units of Q¯l and let Rptq “ś
i
p1´ γitq, Sptq “
ś
j
p1´ δjtq. Assume that for all x P |U0| the polynomial
ś
j
p1´ δdegpxqj tq divides
ź
i
p1´ γdegpxqi tq detp1´ F ˚x t,F0q.
Then Sptq divides Rptq.
Proof. We remove from the families tγiu and tδju the pairs of common elements until they satisfy
the assumption of Proposition 10 and apply Proposition 10. By assumption, the rational fractions
(10) are polynomials. Therefore, no δ survives, which precisely means that Sptq divides Rptq.
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We have already established the rationality of
ś
j
p1´ βdegpxqj tq, so
ź
i
p1´ αdegpxqj tq detp1´ F ˚x t,F0q P Qrts.
Proposition 11 provides an intrinsic description of the family of αi in terms of this family of
polynomials so the family of αi is also defined over Q.
Our proof will be complete once we justify Proposition 10.
Proof of Proposition 10. Let u P U and Fu the stalk of F at u. The arithmetic fundamental group
pi1pU0, uq is the extension of Zˆ “ GalpF¯{Fq by the geometric fundamental group:
0Ñ pi1pU, uq Ñ pi1pU0, uq Ñ GalpF¯q{Fqq Ñ 0.
The group pi1pU0, uq acts on Fu by symplectic similitudes
ρ0 : pi1pU0, uq Ñ GSppFu, ψq.
This means that the action of pi1pU0, uq satisfies the property
ψupgv, gwq “ µpgqψpv, wq, g P pi1pU0, uq
for a multiplicative character µ : GlpFuq Ñ kˆ called the similitude multiplier. This action re-
stricts to the previously considered (in Subsection 6.3) monodromy representation of the geometric
fundamental group:
ρ : pi1pU, uq Ñ SppFu, ψq.
Since ψ has values in Qlp´nq, it follows that the product of the canonical projection to Zˆ and ρ
takes pi1pU0, uq to the subgroup
H Ă ZˆˆGSppFu, ψq
defined by the equation26
q´n “ µpgq, n P Zˆ.
Let
ρ1 : pi1pU0, uq Ñ H
be this map and denote by H1 the image of ρ1. We need the following lemmas.
Lemma 13. H1 is open in H.
Proof. Indeed pi1pU0, uq projects onto Zˆ and the image of pi1pU, uq “ Kerppi1pU0, uq Ñ Zˆq in
SppFu, ψq “ KerpH Ñ Zˆq is open by the theorem of Kajdan and Margulis.
Lemma 14. For δ P Q¯l an l-adic unit, the set Z of pn, gq P H1 such that δn is an eigenvalue of g
is closed of measure 0 (with respect to the Haar measure on ZˆˆGSppFu, ψq).
Proof. It is clear that Z is closed. Fix an n P Zˆ and let GSpn be the set of g P GSppFu, ψq such
that µpgq “ q´n, Zn “ Z X GSpn. Then Zn is a closed proper algebraic subvariety of the inverse
image in H1 of n so it has measure 0. Therefore, we have shown that ”fiberwise over Zˆ” the subset
Z has measure 0 and the claim follows by applying Fubini to the projection H1 Ñ Zˆ.
26Since q is an l-adic unit, qn P Q˚l is defined for all n P Zˆ.
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We can now complete the proof of Proposition 10. For each i and j, the set of integers n
such that γni “ δnj is the set of multiples of a fixed integer nij (we do not exclude nij “ 0). By
assumption, nij ‰ 1.
According to Lemma 14 and the Chebotarev’s density theorem, the set of x P |U0| such that
β
degpxq
j is an eigenvalue of F
˚
x acting on F0 is nowhere dense. But then we can take for K the set
of all the nij and for L the set of x as above so the proposition is proved.
8 Completion of the proof of the Weil conjectures
We are now ready to complete the proof of Deligne’s theorem (and the Weil conjectures). After
the reductions of Section 4 it remains to prove the following theorem.
Theorem (DR). Let X0 be a nonsingular absolutely irreducible projective variety of even di-
mension d over Fq, X the corresponding variety over F¯q and α an eigenvalue of F
˚ acting on
HdpX,Qlq. Then α is an algebraic number all of which complex conjugates, still denoted α, satisfy
q
d
2
´ 1
2 ď |α| ď q d2` 12 (11).
Proof. We will prove this by induction on d (always assumed even). The case d “ 0 is trivial so
we assume from now on d ě 2 and let d “ n` 1 “ 2m` 2.
In a suitable projective embedding i : X Ñ P, X admits a Lefschetz pencil of hyperplane
sections (see Subsection 6.2). By Proposition 5 of Section 4 we may replace Fq by a finite extension
so we may assume that the pencil is defined over Fq.
Therefore, we have a projective embedding X0 Ñ P0 and a subspace A0 Ă P0 of codimension
two that defines the Lefschetz pencil. By taking a new extension of scalars we can assume that
(in the notation of Sections 6 and 7):
(a) The points of S are defined over Fq.
(b) The vanishing cycles for xs ps P Sq are defined over Fq (since only ˘δ is intrinsic, we can
only define them in quadratic extensions).
(c) There exists a rational point u0 P U0. We choose a point u over u0 as the base point of U .
(d)Xu0 “ f´10 pu0q admits a smooth hyperplane section Y0 defined over Fq. We let Y “ Y0bFq F¯q.
Since X˜ is obtained from X by blowing up along a smooth of dimension two subvariety AXX ,
we have an embedding
H ipX,Qlq ãÝÑ H ipX˜,Qlq
(in fact, H ipX˜,Qlq “ H ipX,Qlq ‘H i´2pA XX,Qlqp´1qqby the Thom isomorphism theorem. See
a, rather technical, proof in [2], 33.2). So it suffices to prove (11) for the eigenvalues α of
F ˚ acting on HdpX˜,Qlq.
From the Leray spectral sequence for f
E
pq
2 “ HppD,Rqf˚Qlq ñ Hp`qpX˜,Qlq
we see that it suffices to prove (11) for the eigenvalues of F ˚ acting on Epq2 for p ` q “
d “ n ` 1:
(A) E2,n´12 “ H2pD,Rn´1f˚Qlq, (B) E0,n`12 “ H0pD,Rn`1f˚Qlq and (C) E1,n2 “ H1pD,Rnf˚Qlq.
One can suspect that case (C) is the troublesome one since the first cohomology group of curves
is harder to deal with in general. We will therefore first treat (A) and (B).
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(A) E2,n´12 “ H2pD,Rn´1f˚Qlq. By Proposition 8, Rn´1f˚Ql is a constant sheaf on D. By the
properties of higher direct images (Proposition 2 of Subsection 2.3) and the cohomology groups of
D » P1 (Proposition 3 of Subsection 2.6) we see that
H2pD,Rn´1f˚Qlq » pRn´1f˚Qlqup´1q “ Hn´1pXu,Qlqp´1q.
Consider the long exact sequence in cohomology
¨ ¨ ¨ Ñ Hn´1c pXuzY,Qlq Ñ Hn´1pXu,Qlq Ñ HpY,Qlq Ñ ¨ ¨ ¨
induced by the the short exact sequence27
0Ñ j!j˚Ql Ñ Ql Ñ i˚i˚Ql Ñ 0.
By Poincare duality (second form) and the Cohomological dimension property (b) of l-adic
cohomology (Subsection 2.4) we have
Hn´1c pXuzY,Qlq » Hn`1pXuzY,Qlqq “ 0
(since XuzY is affine of dimension n), so the map Hn´1pXu,Qlq Ñ Hn´1pY,Qlq is injective and we
can apply the induction hypothesis to Y0.
(B) E0,n`12 “ H0pD,Rn`1f˚Qlq. If the vanishing cycles are nonzero, Rn`1f˚Ql is constant
(see Proposition 8) and
H0pD,Rn`1f˚Qlq » pRn`1f˚Qlqu “ Hn`1pXu,Qlq.
Lefschetz theorem (see Subsection 2.4) shows that the Gysin map
Hn´1pY,Qlqp´1q Ñ Hn`1pXu,Qlq
is surjective and we apply the induction hypothesis to Y0 again.
Remark 10. By expanding the proof of the weak Lefschetz theorem one can see that in fact the
argument here is dual to that of (A).
If the vanishing cycles are zero, the exact sequence of Proposition 8 (b) gives the following
exact sequence
‘
sPS
Qlpm´ nqs Ñ E0,n`12 Ñ Hn`1pXu,Qlq.
The eigenvalues of F acting on Qlpm´ nqs are qn´m “ qd{2 and for Hn`1pXu,Qlq everything is as
above.
It remains to handle the case of F ˚ acting on E1,n2 “ H1pD,Rnf˚Qlq.
(C) E1,n2 “ H1pD,Rnf˚Qlq. If the vanishing cycles are zero, Rnf˚Ql is constant (Proposition
8 (b)) and E1,n2 “ 0 so we may assume that the vanishing cycles are nonzero.
We can filter Rnf˚Ql “ j˚j˚Rnf˚Ql (Proposition 8) by the subsheafs j˚E and j˚pE X EKq. If
the vanishing cycles δ are not in E X EK(or, rather, in E X EK) we have exact sequences28:
0Ñ j˚E Ñ Rnf˚Ql Ñ constant sheaf j˚pRnf˚Ql{Eq Ñ 0
27The notations here are the same as in Corollary 4 of Section 7 and footnote 16 and this sequence is precisely
the one that appears in Milne 8.15 (the derivation is easy and goes by considering the induced sequence of stalks).
28To see that the following sheaves are constant, use the equivalence of categories stated in Proposition 1, the
facts that the monodromy acts by deforming the cohomology by the vanishing cycles and that the inverse/direct
images of constant sheaves via j are constant (the last claim is true here because Rnf˚Ql “ j˚j
˚Rnf˚Ql but false
in general).
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0Ñ constant sheaf j˚pE X EKqq Ñ j˚E Ñ j˚pE{pE X EKqq Ñ 0
If the vanishing cycles δ are in E X EK (in fact, one can later show that this does not happen
- see remark after the proof), we have E Ă EK. Let F “ Rnf˚Ql{j˚EK. Then we have exact
sequences:
0Ñ constant sheaf j˚EK Ñ Rnf˚Ql Ñ F Ñ 0
0Ñ F Ñ constant sheaf j˚j˚F Ñ ‘
sPS
Qlpn´mqs Ñ 0
In the first case the long exact sequences in cohomology give
H1pD, j˚Eq Ñ H1pD,Rnf˚Qlq Ñ 0
0Ñ H1pD, j˚Eq Ñ H1pD, j˚pE{pE X EKqqq
and we apply Corollary 4 to H1pD, j˚Eq.
In the second case, they give
0Ñ H1pD,Rnf˚Qlq Ñ H1pD,Fq
‘
sPS
Qlpn´mq Ñ H1pD,Fq Ñ 0
and we remark that F ˚ acts on Qlpn´mq by multiplication by qn´m “ qd{2.
Therefore, we have finally proved Deligne’s theorem and the Weil conjectures are fully justified.
Remark 11. If we had the hard Lefschetz theorem (most people believed it to be necessary for the
proof but Deligne managed to derive at as a consequence that we will state in the next section) the
proof for (C) would be much shorter. Indeed, it implies that E X EK is zero and that Rnf˚Ql is the
direct sum of j˚E and a constant sheaf. The first cohomology group of a constant sheaf on P
1 is
zero and it would suffice to apply Corollary 4.
9 Consequences
In this section we state some of the bright applications of Deligne’s theorem, prove a generalization
of the Hasse-Weil bound to nonsingular complete intersections and briefly discuss and provide
references for other results (also see [7], par.8 and an overview of N.Katz [25]).
9.1 Consequences in Number theory
The fact that there are many spectacular applications of Deligne’s theorem in Number theory
comes as no surprize. Let me introduce a few:
(A) One can estimate #Y0pFqq for a variety Y0 over Fq provided that the corresponding variety
Y over F¯q has a simple enough cohomological structure. For example, for Y0 a nonsingular n-
dimensional hypersurface of degree d we get
|#Y0pFqq ´
nÿ
i“0
qi| ď
ˆpd´ 1qn`2 ` p´1qn`2pd´ 1q
d
˙
q
n
2 .
More generally, one can prove the following.
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Generalization of the Hasse-Weil bound. Let X0 Ă Pn`r0 be a nonsingular complete intersec-
tion over Fq of dimension n and of multidegree pd1, ¨ ¨ ¨ drq. Let b1 be the n-th Betti number of the
complex nonsingular complete intersection with the same dimension and multidegree. Put b “ b1
for n odd and b “ b1 ´ 1 for n even. Then
|#X0pFqq ´#PnpFqq| ď bqn{2.
Proof. Let X over F¯q be the variety obtained from X0 by extension of scalars and for each i let Qlη
i
be the line in H2ipX,Qlq generated by the i-th cup power of the cohomology class of a hyperplane
section. F ˚ acts on Qlη
i by multiplication by qi.
The cohomology of X is the direct sum of the tQlηiu0ďiďn and the primitive part of HnpX,Qlq
of dimension b. Lemma 1 of Subsection 2.5 implies that there exist b algebraic numbers αj, the
eigenvalues of F ˚ acting on this primitive part of the cohomology, such that
#X0pFqq “
nÿ
i“0
qi ` p´1qn
ÿ
j
αj.
According to Deligne’s theorem, |αj | “ qn{2 and
|#X0pFqq ´#PnpFqq| “ |#X0pFqq ´
nÿ
i“0
qi| “ |
ÿ
j
αj | ď
ÿ
j
|αj | “ bqn{2.
This result was recently generalized to singular complete intersections (see [26]).
(B) Deligne’s theorem also provides consequences for the theory of modular forms. In partic-
ular, it implies the following.
Ramunajan Conjecture. The Ramunajan’s τ -function given by the Fourier coefficients τpnq of
the cusp form ∆pzq of weight 12:
∆pzq “
ÿ
ně1
τpnqqn “ q
ź
ně1
p1´ qnq24
with q “ e2piiz for any prime p satisfies
|τppq| ď 2p 112 .
One can also prove the following generalization to other modular forms.
Ramunajan-Peterson Conjecture. Let N be an integer ě 1, ε : pZ{Nq˚ Ñ C˚ a character, k
an integer ě 2 and f a holomorphic modular form on Γ0pNq of weight k and with character ε :
f is a holomorphic function on the the Poincare half-plane X such that for
ˆ
a b
c d
˙
P SLp2,Zq,
with c ” 0 pNq we have
f
ˆ
az ` b
cz ` d
˙
“ εpaq´1pcz ` dqkfpzq.
We assume that f is cuspidal and primitive, in particular f is an eigenvector of the Hecke operators
Tp pp ∤ Nq. Let f “
ř8
n“1 anq
n with q “ e2piiz (and a1 “ 1). Then for p prime not dividing N
|ap| ď 2p k´12 .
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In other words, the roots of the equation
T 2 ´ apT ` εppqpk´1
are of absolute value p
k´1
2 .
Indeed, the roots turn out to be the eigenvalues of the Frobenius endomorphism acting on
Hk´1pX,Qlq of a nonsingular projective variety X of dimension k ´ 1 defined over Fp. That was
originally proved (under restrictive assumptions) by Deligne in [27].
I highly recommend reading Deligne’s appendix to [28] for proofs of both of the results. Let
me also note that Deligne and Serre managed to prove the second conjecture for k “ 1 as well but
the proof is quite different.
(C) Deligne’s theorem can also be used to estimate exponential sums in several variables. In
particular:
(a) Let f be a polynomial of n variables over Fq of degree d prime to p such that its homogenious
part fd defines a nonsingular projective hypersurface. Then
|
ÿ
xiPFq
exp
ˆ
2pii
p
fpx1, ¨ ¨ ¨ , xnq
˙
| ď pd´ 1qnqn{2.
(b) We have the following bound for multiple Kloosterman sums :
|
ÿ
xiPF
ˆ
q
exp
ˆ
2pii
p
ˆ
x1 ` ¨ ¨ ¨ ` xn ` 1
x1 ¨ ¨ ¨xn
˙˙
| ď pn` 1qqn{2.
Both (a) and (b) come from the following fact (originally suggested by Bombiery).
Bound on the character sums in several variables. Let Q be a polynomial in n variables of
degree d over Fq, Qd its homogeneous part of degree d of Q and ψ : Fq Ñ C˚ an additive nontrivial
character on Fq. Assume that:
(i) d is coprime to the characteristic of Fq.
(ii) The hypersurface H0 in P
n´1
Fq
defined by Qd is nonsingular.
Then
|
ÿ
xiPFq
ψpQpx1, ¨ ¨ ¨ , xnqq| ď pd´ 1qnqn{2.
As might be expected, the main idea is to represent the sumÿ
xiPFq
ψpQpx1, ¨ ¨ ¨ , xnqq
as the left hand side of formula (7) of Subsection 2.5 for a certain sheaf F . The proof of this
theorem is given in [7], 8.4-8.13.
(D) Consider the following setup. Let X be a smooth projective surface defined over Fq and
let pi : X Ñ P1 be a regular map which fibers Xt are elliptic curves except for a finite number of
t P F¯q. For t P P1pFqq let
#XtpFqq “ q ´ eptq ` 1.
If we choose a nonsingular fiber Xt then Deligne’s theorem implies that
|2eptq| ă 2?q.
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One may wonder if there are similar estimates for
ř
t
eptq, ř
t
eptq2 or other sums of this sort. An
approach already discussed above, namely, reinterpreting the sum as the trace of the Frobenius
endomorphism on a curve, then studying the monodromy action and applying Deligne’s theorem,
yields the following results:
Proposition 12. Let eptq be defined as above. Then:
(a)If the j invariant of the family is not constant then
|
ÿ
t
eptq| ď pβ2pXq ´ 2qq,
where β2pXq is the second Betti number of X.
(b)If If the j invariant of the family is not constant thenÿ
t
eptq2 “ q2 `Opq 32 q.
(c) Let S be the set of t P F¯q such that Xt is singular. If the sets S and ts ´ u, s P Su are
disjoint, then ÿ
t
eptqept ` uq “ Opq 32 q.
See [2], Chapter 34 for an overview of (D) and the book of Katz [29] for a more comprehensive
study of applications of Etale cohomology to estimations of various sums.
What makes the correspondence between number-theoretic estimates and the monodromy of
sheaves truly fascinating is that it can actually be used in both directions. For example, N.Katz
proved the following fact (see [30]) using the estimates of Davenport and Lewis on the number of
solutions of polynomials over finite fields:
Proposition 13. Let fpX, Y q P CrX, Y s be a polynomial and suppose that for indeterminates
a, b, c the complete nonsingular model of the affine curve
fpX, Y q ` aX ` bY ` c “ 0
over Cpa, b, cq has genus g ě 1. Then for any nonempty Zariski open set S Ă A3C over which
the complete nonsingular model extents (in a particular way) to a morphism f : C Ñ S, the
fundamental group of S acts absolutely irreducibly on a general stalk of R1f˚Q (higher direct
image for the complex topology).
9.2 Other consequences
The following few paragraphs follow section III of [25] (consult it for more details).
Let me say a few words about the consequences of Deligne’s work on the cohomology and the
theory of weights. As foreseen by Grothendieck in the early 1960’s with his ”yoga of weights”, the
proof of the Weil conjectures for curves over finite fields would have important consequences for
the cohomological structure of varieties over C.
The idea here is that any reasonable algebro-geometric structure over C is actually defined over
some subring of C that is finitely generated over Z and reducing modulo a maximal ideal m of that
ring we get to the finite field situation with the Frobenius endomorphism F pmq. This Frobenius
operates on the l-adic cohomology that is precisely the singular cohomology with Ql coefficients
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of the original complex situation. This means that we get a previously unsuspected structure on
the cohomology of a complex algebraic variety, the so-called ”weight filtration”.
In the late 1960’s and early 1970’s Deligne has developed the mixed Hodge theory - a complete
theory of weight filtration of complex algebraic varieties (see [31] for an introduction). One of
the applications of this theory is the global monodromy of families of projective smooth varieties
(given a smooth projective map X Ñ S of smooth complex varieties for any s P S the monodromy
representation of pi1pS, sq on all the H ipXs,Cq is completely reducible).
By means of an extremely ingenious argument (see the proof in [14]) drawing upon the theory
of L-functions and ideas of Hadamard and de la Valee Poussin proof of the prime number theorem
Deligne established an l-adic analog of the complete reducibility theorem for l-adic local systems in
characteristic p over etale open subsets of P1 provided that all the fibers of the local system satisfy
the Riemann Hypothesis. Therefore, Deligne’s theorem implies that we can apply this result to
the local system coming from a Lefschetz pencil for a projective nonsingular variety over a finite
field. The resulting complete reducibility implies the following.
The hard Lefschetz theorem. Let X be a smooth projective variety over an algebraically closed
field k, L be an invertible ample sheaf on X and η “ c1pLq P H2pX,Qlq be the cohomology class of
a hyperplane section. We assume that X is purely of dimension n. Then for each i ě 0 the cup
product by ηi:
ηiY : Hn´ipX,Qlq Ñ Hn`ipX,Qlq
is an isomorphism.
I would like to conclude this paper with a curious idea (which might have already occurred to
the reader) that has lead to the development of the so-called F1-geometry. We have noted that
the Hasse-Weil zeta function ζY psq for Y “ SpecpZq gives the Riemann zeta function. Therefore,
if we could see SpecpZq as a ”scheme of finite type over F1” one could hope to reprove Deligne’s
theorem for SpecpZq and verify the Riemann hypothesis.
Therefore, different approaches to F1 geometry deem to create an object that has some conjec-
tured useful properties (such as the described above). Unfortunately, nobody has yet formulated
how SpecpZq can be of finite type nor what a ”smooth F1-variety” should mean.
As far as I am aware, none of the existing F1-theories has so far been used to prove any important
external results, nor can we call any of the approaches actually well-developed but there are many
people who have high hopes that such a theory can be established and used to prove both the
Riemann hypothesis and other strong number-theoretic statements such as the ABC-conjecture. I
refer an interested reader to [32] for a thorough review of the existing approaches to F1-geometry.
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